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generalized Baire space κκ
Micha l Korch, Tomasz Weiss
Abstract
In this paper we are interested in parallels to the classical notions of special subsets
in R defined in the generalized Cantor and Baire spaces (2κ and κκ). We consider gen-
eralizations of well-known classes of special subsets, like Lusin sets, strongly null sets,
concentrated sets, perfectly meagre sets, σ-sets, γ-sets, sets with Menger, Rothberger or
Hurewicz property, but also of some less-know classes like X-small sets, meagre additive
sets, Ramsey null sets, T ′-sets, Marczewski, Silver, Miller and Laver-null sets. We also
show some relations between those classes.
1 Introduction and preliminaries
Many classical notions of special subsets of 2ω can be generalized to the case of the generalized
Cantor space 2κ. In this paper we study those classes of sets in this setting. In some cases,
when it seems more appropriate, we also study such classes in the generalized Baire space κκ.
It turns out that many the properties of subsets of 2ω or of ωω can be easily proved in 2κ or κκ,
although sometimes one has to use some additional set-theoretic assumptions. Next we deal
with less common classes of small sets in 2κ and κκ.
1.1 Special subsets of the real line
In theory of special subsets of the real line we deal with sets which are very small. We recall
below some notions which will be generalized later in this paper.
1.1.1 Special subsets related to category
Among classes of special subsets of the real line, the class of perfectly meager sets plays an
important role. A set is perfectly meager if it is meager relative to any perfect set, and we
denote it by PM (this concept first appeared in [1]).
A set A is called strongly null (strongly of measure zero) if for any sequence of positive
εn > 0, there exists a sequence of open sets ⟨An⟩n∈ω, with diamAn < εn for n ∈ ω, and such that
A ⊆ ⋃n∈ωAn. We denote the class of such sets by SN . The idea was introduced for the first
time in [2], and Borel conjectured that all SN sets are countable. This hypothesis turned
out to be independent from ZFC (see [3]). It is easy to see that a set A is strongly null if and
only if for any sequence of positive εn > 0, there exists a sequence of open sets ⟨An⟩n∈ω, with
diamAn < εn for n ∈ ω, and such that
A ⊆ ⋂
m∈ω
⋃
n>m
An.
1
Galvin, Mycielski and Solovay (in [4]) proved that a set A ∈ SN (in 2ω) if and only if for
any meagre set B, there exists t ∈ 2ω such that A ∩ (B + t) = ∅.
We shall say that a set L ⊆ 2ω is a κ-Lusin set (for ω < κ ≤ 2ω) if for any meagre set X ,
∣L∩X ∣ < κ, but ∣L∣ ≥ κ. An ℵ1-Lusin set is simply called a Lusin set. This idea was introduced
independently in [1] and [5]. The existence of a Lusin set is independent from ZFC. It is easy
to see that under CH such a set exists. Indeed, enumerate all closed nowhere dense sets and
inductively take a point form a complement of each such set distinct from all the points chosen
so far. The same can be easily done if cov(M) = cof(M) = ℵ1 (see e.g. [6]).
A set A is called meagre-additive (A ∈M∗) if for any meagre set X , A+X is meagre (see
e.g. [7] and [8]). The following characterization of meagre-additive sets is well-known. A
set X ∈M∗ ([8][Theorem 2.7.17]) if and only if for every increasing f ∈ ωω, there exists g ∈ ωω
and y ∈ 2ω such that for all x ∈ X , there exists m ∈ ω such that for every n > m, there exists
kn ∈ ω with g(n) ≤ f(kn) < f(kn + 1) ≤ g(n + 1) and such that
x↾[f(kn), f(kn + 1)) = y↾[f(kn), f(kn + 1)).
1.1.2 Trees
Fix any set A and an ordinal number ξ. Given a sequence t ∈ 2α with α < ξ, we denote α = len(t).
A set T ⊆ A<ξ will be called a tree if for all t ∈ T and α < len(t), t↾α ∈ T as well. A branch in
a tree is a maximal chain in it. For a tree T ⊆ A<ξ, let
[T ] = {x ∈ Aξ ∶ ∀α<ξx↾α ∈ T}.
A node s ∈ T ⊆ A<ξ is called a branching point of T if s⌢a, s⌢b ∈ T for some distinct a, b ∈ A.
The set of all branching points of a tree T is denoted by Split(T ). For α < ξ, t ∈ Splitα(T ) if⟨{s ⊊ t∶ s ∈ Split(T )},⊆⟩ is order isomorphic with α.
A tree T ⊆ A<ξ is perfect if for any t ∈ T , there exists s ∈ T such that t ⊆ s and s ∈ Split(T ).
Tree T ⊆ Aξ is pruned, if its every maximal chain is of length ξ.
Notice that if T ⊆ Aω, then a set C ⊆ Aω is closed if an only if C = [T ] for a pruned tree T .
We denote such tree by TC . Moreover, a set P ⊆ 2ω is perfect if and only if TP is a perfect tree.
Notice also that a closed set C ⊆ ωω is compact if and only if there exists a sequence ⟨ni⟩i∈ω
such that if x ∈ C, then x(i) < ni for all i ∈ ω.
A perfect tree T ⊆ Aω is called a Silver perfect tree if
∀w,v∈T (len(v) = len(w)⇒∀j∈A(w⌢j ∈ T ⇒ v⌢j ∈ T )) .
A perfect tree T ⊆ ω<ω is called a Laver perfect tree if there exists s ∈ T such that for all
t ∈ T , either t ⊆ s, or ∣{n ∈ ω∶ t⌢n ∈ T}∣ = ℵ0.
Similarly, a perfect tree T ⊆ ω<ω is called a Miller perfect tree if for every s ∈ T there
exists t ∈ T such that s ⊆ t, and ∣{n ∈ ω∶ t⌢n ∈ T}∣ = ℵ0.
A set P ⊆ 2ω is called Silver perfect set if TP is a Silver perfect tree. Analogously, a
set P ⊆ ωω is called Laver (respectively, Miller) perfect set if TP is a Laver (respectively,
Miller) perfect tree.
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1.1.3 Other notions of special subsets
An open cover U of a topological space A is proper if A ∉ U . From now on we assume that all
considered covers are proper.
An open cover U of a set A such that for any C ∈ [A]<ω there exists U ∈ U such that C ⊆ U ,
is called an ω-cover, and we call it a γ-cover if
A ⊆ ⋃
n∈ω
⋂
m≥n
Um.
The family of all ω-covers (respectively, γ-covers) of A is denoted by Ω(A) (respectively,
Γ(A)). The family of all open covers of A is denoted by O(A). The underlying set is often
omitted in this notation if it is clear from the context.
In this paper we consider the analogues of the following special subsets of the real line (or
the Cantor space) (see [9] and [6]):
set concentrated on a set C i.e. a set A such that A∖U is countable for every open U with
C ⊆ U ([10]). Notice that every set concentrated on a countable set is SN ,
λ-set i.e. a set A such that every countable B ⊆ A is a relative Gδ-set ([11]). Every λ-set is
perfectly meagre,
λ′-set i.e. a set A such that for every countable B, A∪B is a λ-set. Obviously, every λ′-set is
a λ-set,
γ-set i.e. a set A such that if for every open ω-cover U , there exists V ⊆ U which is a γ-cover
([12]),
Ramsey null set i.e a set A such that for any n ∈ ω, s ∈ 2n and S ∈ [ω ∖ n]ω, there exists
S′ ∈ [S]ω such that [s,S′] ∩A = ∅, where if s ∈ 2n, n ∈ ω and S ∈ [ω ∖ n]ω, then
[s,S] = {x ∈ 2ω∶ s−1[{1}] ⊆ x−1[{1}] ⊆ s−1[{1}] ∪ S ∧ ∣x−1[{1}] ∩ S∣ = ω}
(see [13]),
T’-set i.e. a set A such that there exists a sequence ⟨ln⟩n∈ω ∈ ωω such that for every increasing
sequence ⟨dn⟩n∈ω ∈ ωω with d0 = 0, there exists a sequence ⟨en⟩n∈ω ∈ ωω, and
Hn ∈ [2den+1∖den ]≤len ,
for all n ∈ ω such that
A ⊆ {x ∈ 2ω∶ ∀m∈ω∃n>mx↾(den+1 ∖ den) ∈ Hn}
(defined in [14] and also introduced in different context in [15]),
s0-set i.e. a set A ⊆ 2ω such that for any perfect set P there exists a perfect set Q ⊆ P such
that A ∩Q = ∅ ([16]),
v0-set i.e. a set A ⊆ 2ω such that for every Silver perfect set P , there exists a Silver perfect set
Q ⊆ P such that Q ∩A = ∅ (see [17]),
l0-set i.e. a set A ⊆ ωω such that for every Laver perfect set P , there exists a Laver perfect
set Q ⊆ P such that Q ∩A = ∅ (see [18]),
m0-set i.e. a set A ⊆ ωω such that for every Miller perfect set P , there exists a Miller perfect
set Q ⊆ P such that Q ∩A = ∅ (see [18]).
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1.1.4 Selection principles
If A and B are families of covers of a topological space X , then X has S1(A,B) principle if
for every sequence ⟨Un⟩n∈ω ∈ Aω, there exists U = {Un∶n ∈ ω} with Un ∈ Un, for all n ∈ ω such
that U ∈ B. X has U<ω(A,B) principle if for every sequence ⟨Un⟩n∈ω ∈ Aω such that for every
n ∈ ω if W ⊆ Un is finite, then W is not a cover, there exists ⟨Un⟩n∈ω such that Un ∈ [U]<ω, and{⋃Un∶n ∈ ω} ∈ B. The covering principles were first systematically studied in [19].
It can be proven that a set X is a γ-set if and only if X satisfies S1(Ω,Γ).
A set X is said to have the Menger property ([20]) if it satisfies U<ω(O,O). It has the
Hurewicz property ([21]) if it satisfies U<ω(O,Γ). Finally, it has the Rothberger property
([22]) if it satisfies S1(O,O).
1.2 Introducing the generalized Cantor space 2κ and the generalized
Baire space κκ
In this paper we consider the generalized Cantor space 2κ and generalized Baire space κκ for an
infinite cardinal κ > ω and study special subsets of these spaces. In the recent years the theory
of the generalized Cantor and Baire spaces was extensively developed (see, e.g. [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32] and many others). An important part of the research in this
subject is an attempt to transfer the results in set theory of the real line to 2κ and κκ (the
list of open questions can be found in [33]). Despite the rapid development in this theory, the
authors are not aware of any thorough research in the subject of special subsets in 2κ or κκ.
Known results are related mainly to the ideal of strongly null sets (see [34] and [35]).
Throughout this paper, unless it is stated otherwise, we assume that κ is an uncountable
regular cardinal number and κ > ω.
1.2.1 Preliminaries
We consider the space 2κ, called κ-Cantor space (or the generalized Cantor space),
endowed with so called bounded topology with a base {[x]∶x ∈ 2<κ}, where for x ∈ 2<κ,
[x] = {f ∈ 2κ∶f↾domx = x}.
Similarly, the space κκ along with bounded topology with a base {[x]∶x ∈ κ<κ}, where for
x ∈ κ<κ, [x] = {f ∈ κκ∶f↾domx = x}.
is called κ-Baire space (or the generalized Baire space).
Throughout this paper let K ∈ {2, κ}. Therefore, Kκ denotes the generalized Cantor space
or the generalized Baire space.
If we additionally assume that κ<κ = κ, the above base has cardinality κ. This assumption
proves to be very convenient when considering the generalized Cantor space and the generalized
Baire space, and is assumed throughout this paper, unless stated otherwise (see e.g. [24]).
The space 2κ will also be treated as a vector space over Z2. In particular, for A,B ⊆ 2κ, let
A +B = {t + s∶ t ∈ A,s ∈ B}. Let 0 ∈ 2κ be such that 0(α) = 0 for all α < κ, let 1 ∈ 2κ be such
that 1(α) = 1 for all α < κ, and let Q = {x ∈ 2κ∶ ∃α<κ∀α<β<κx(β) = 0}. Similarly, if x, y ∈ κκ, then
x + y ∈ κκ is such that x(α) + y(α) = (x + y)(α), for all α < κ.
Notice that if x ∈ Kα, with α < κ, then
K
κ ∖ [x] = ⋃
β<α
⋃
a∈K∖{x(β)}
[x↾β ⌢a] .
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So, 2κ ∖ [x] is also open. Therefore, the bases defined above consist of clopen sets. Notice also
that an intersection of less than κ of basic sets is a basic set or an empty set. Therefore, an
intersection of less than κ open sets is still open. Notice also that there are 2κ closed sets in
those spaces.
Additionally, (under the assumption κ<κ = κ) there exists a family F of subsets of κ such
that ∣F ∣ = 2κ, and for all A,B ∈ F , ∣A ∩B∣ < κ if A ≠ B. Indeed, let b∶2<κ → κ be a bijection.
Then F = {b [{x↾α∶α < κ}] ∶x ∈ 2κ}
is such a family.
A T1 topological space is said to be κ-additive if for any α < κ, an intersection of an
α-sequence of open subsets of this space is open. Various properties of κ-additive spaces were
considered by R. Sikorski in [36]. The generalized Cantor and Baire spaces are examples of
κ-additive spaces. It is also easy to see that every κ-additive topological space X with clopen
base of cardinality κ is homeomorphic to a subset of 2κ.
Therefore, the generalized Cantor space is a zero-dimensional κ-additive space which is
completely normal. The character, density and weight of 2κ equal κ (the assumption κ<κ = κ is
needed in the case of density and weight).
It is easy to see that A ⊆ 2κ is closed if and only if A = [T ] for some tree T ⊆ 2<κ. Indeed,
if A = [T ] and T is a tree, then if x ∉ A, there exists α < κ such that x↾α ∉ T . Therefore[x↾α] ⊆ 2κ ∖A, so A is closed. On the other hand, if A is closed, let T = {x↾α∶x ∈ A,α < κ}.
Then, if a ∈ 2κ, and a↾α ∈ T for all α < κ, we have that a ∈ A, since A is closed. A similar fact is
also true in the generalized Baire space. For a closed A ⊆ Kκ, a tree T ⊆ K<κ such that A = [T ]
is denoted by TA.
The family of κ-Borel sets is the smallest family of subsets of Kκ containing all open sets
and closed under complementation and under taking intersections of size κ. The family of such
sets is denoted here by Bκ.
We say that a set is κ-meagre if it is a union of at most κ nowhere dense (in the bounded
topology) sets. Notice also that the generalization of the Baire category theorem holds, namely
2κ is not κ-meagre (see [36, Theorem xv]), and neither is κκ. The family of all κ-meagre sets
in 2κ or κκ is denoted byMκ (the underlying space will be clear from the context). Also let
cof(Mκ) =min {∣A∣∶A ⊆Mκ ∧ ∀A∈Mκ∃B∈AA ⊆ B} ,
and
cov(Mκ) =min {∣A∣∶A ⊆Mκ ∧⋃A = Kκ} .
Notice also that if ⟨xα⟩α<κ ∈ (Kκ)κ is a sequence of points in Kκ such that for all ξ < κ,
there exists δξ < κ such that for all δξ ≤ α,β < κ, xα↾ξ = xβ↾ξ, then there exists x ∈ Kκ which
is a (topological) limit of ⟨xα⟩α<κ (i.e. for every open set U with x ∈ U , there exists ξ < κ such
that for all ξ < α < κ, xα ∈ U). Indeed, take
x = ⋃
ξ<κ
xδξ↾ξ.
Obviously, if C ⊆ Kκ is closed, and ⟨xα⟩α<κ ∈ (Kκ)κ is a sequence of points of C with limit
x ∈ Kκ, then x ∈ C as well. Therefore, if ⟨Cα⟩α∈κ is a sequence of non-empty closed sets such
that Cβ ⊆ Cα, when α < β < κ, and such that there exists an increasing sequence ⟨ξα⟩α∈κ ∈ κκ
and ⟨sα⟩α∈κ ∈ (K<κ)κ such that Cα ⊆ [sα] and sα ∈ Kξα, then there exists x ∈ Kκ such that
⋂
α<κ
Cα = {x}.
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Indeed, let ⟨xα⟩α<κ ∈ (Kκ)κ be any sequence of points such that xα ∈ Cα, for any α ∈ κ, then
there exists a limit of this sequence x. But x ∈ Cα for any α < κ, because ⟨xβ⟩α≤β<κ is a sequence
of points in Cα.
Obviously, spaces 2κ × 2κ and 2κ are homeomorphic, and the canonical homeomorphism
between them is given by the canonical well-order of 2 × κ, g∶2 × κ→ κ.
1.2.2 Cardinal coefficients in 2κ
A statement 2κ = κ+ is the Continuum Hypothesis for κ and is denoted by CHκ.
Recall that ♢κ(E) for E ⊆ κ is the following principle: there exists a sequence ⟨Sα⟩α∈E such
that Sα ⊆ α for all α ∈ E, and the set
{α ∈ E∶X ∩ α = Sα}
is a stationary subset of κ for every X ⊆ κ (see e.g. [37][Chapter 23]). The principle ♢κ(κ) is
simply denoted by ♢κ (and called the diamond principle for κ).
If f, g ∈ κκ, then we write f ≤κ g if there exists α < κ such that for all β < κ if β > α, then
f(β) ≤ g(β). In this case we say that f is eventually dominated by g.
Analogously as in the case of ωω, one can define cardinals related to the order ≤κ. The two
following cardinals play an important role:
bκ =min{∣A∣∶A ⊆ κκ ∧ ¬∃f∈κκ∀g∈Ag ≤κ f},
and
dκ = min{∣A∣∶A ⊆ κκ ∧ ∀f∈κκ∃g∈Af ≤κ g},
which are called the bounding and dominating number for κ, respectively. Obviously,
κ < bκ ≤ dκ ≤ 2κ.
1.2.3 κ-Compactness
Not all the results of theory of the real line can be easily generalized to the case of 2κ. One of
the main obstacles is the notion of compactness. We shall say that a topological space X is κ-
compact (or κ-Lindelo¨f) if every open cover of X has a subcover of cardinality less than κ (see
[38], [39]). Obviously, the Cantor space 2ω is ω-compact (i.e. compact in the traditional sense).
But it is not always the case that 2κ is κ-compact. Recall that a cardinal number κ is weakly
compact if it is uncountable and for every two-colour colouring of the set of all two-element
subsets of κ, there exists a set H ⊆ κ of cardinality κ, which is homogeneous (every two-element
subset of H have the same colour in the considered colouring) (see [37]). Recall also that every
weakly compact cardinal is strongly inaccessible. Actually, the generalized Cantor space 2κ is
κ-compact if and only if κ is a weakly compact cardinal (see [38]).
And there is even more to that. If κ is not weakly compact, then all reasonable κ-additive
spaces are homeomorphic. Precisely, if κ is not weakly compact, then every completely regular
κ-additive topological space X without isolated points such that there exists a family of open
sets B in X such that:
(1) the family of all intersections of less than κ sets from B is a base of the topology of X ,
(2) if C ⊆ B is such that for any n ∈ ω and any C0,C1, . . . Cn ∈ C, ⋂ni=0Cn ≠ ∅, then ⋂C ≠ ∅,
(3) ∣B∣ ≤ 2<κ,
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(4) B = ⋃α<κBα, where for any α < κ, Bα is a partition of X into open sets,
is homeomorphic to 2κ (see [40, Theorem 2.3] and [41]). On the other hand, if κ is weakly
compact, then a completely regular κ-additive spaceX without isolated points is homeomorphic
to 2κ if and only if there exists a family of open sets B in X satisfying conditions (1)-(3) and
also:
(4’) B = ⋃α<κBα, where for any α < κ, Bα is a partition of X into open sets, and ∣Bα∣ < κ.
We will refer to the above theorem as the Hung-Negrepontis characterization. In partic-
ular, the generalized Cantor space 2κ and the generalized Baire spaces κκ are homeomorphic if
and only if κ is not a weakly compact cardinal.
Also notice that every κ-additive regular space is zero-dimensional (see [36]). Indeed, if⟨Gn⟩n∈ω is a sequence of open sets such that clGn+1 ⊆ Gn, for all n ∈ ω, then ⋂n∈ωGn is a clopen
set.
1.2.4 Perfect sets in Kκ
A set P ⊆ Kκ is a perfect set if it is closed and has no isolated points. Notice that a set P ⊆ Kκ
is perfect if and only if TP is a perfect tree.
A perfect tree T will be called κ-perfect if for every limit β < κ, and t ∈ Kβ such that for
all α < β, t↾α ∈ T , we have t ∈ T .
Notice that every κ-perfect tree T ⊆ 2<κ is order-isomorphic with 2<κ.
A set P ⊆ Kκ is κ-perfect if P = [T ] for a κ-perfect tree T . Obviously, every κ-perfect set
is perfect. On the other hand, the converse does not hold.
Notice that if x ∈ [T ], and T is a κ-perfect tree, then for all α < κ, {x↾β∶β < κ}∩Splitα(T ) ≠
∅.
For example, if s ∈ 2ω is such that s(n) = 0 for all n ∈ ω, then 2κ ∖ [s] is a perfect set but is
not κ-perfect.
Another major difference between 2κ and 2ω is the perfect set property of analytic set. In
2ω every uncountable analytic set contains a perfect set. On the other hand, the generalization
of this theorem for 2κ may not be true even for closed sets. There may even exist a perfect set
which does not contain a κ-perfect set. Recall that a tree T ⊆ 2<κ is a κ-Kurepa tree if:
(1) ∣[T ]∣ > κ,
(2) if α is uncountable, then ∣T ∩ 2α∣ ≤ ∣α∣.
If T is a κ-Kurepa tree, then [T ] is an example of a closed set of cardinality larger than κ, with
no κ-perfect subsets (see e.g. [33, 30]).
Fortunately, one can see that every κ-comeagre set contains a κ-perfect set. Indeed, if
G = ⋃α<κGα with Gα nowhere dense, we choose by induction ⟨ts⟩s∈K<κ such that ts ∈ K<κ, and
for s, s′ ∈ K<κ, s ⊊ s′ if and only if ts ⊊ ts′ . Indeed, let t∅ be such that [t∅]∩G0 = ∅. Then, given
ts, s ∈ Kα, let t′s ⊋ ts be such that [t′s] ∩Gα+1 = ∅. For ξ ∈ K, set ts⌢ξ = t′⌢s ξ. For limit β < κ, and
s ∈ Kβ, let t′s = ⋃α<β ts↾α. Let ts ⊋ t′s be such that [t′s] ∩Gβ = ∅. Finally, let
T = ⋃
α<κ
{t ∈ K<κ∶ t ⊆ ts, s ∈ Kα}.
Obviously, T is a κ-perfect tree, so P = [T ]κ is a κ-perfect subset of Kκ ∖G.
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2 Special subsets of 2κ and κκ: simple generalizations
The aim of this section is to generalize to the case of 2κ or κκ certain notions of special subsets
defined for 2ω (see Section 1.1), and to check their properties and relations between them. Most
of the results presented here have their counterparts in the standard case of 2ω, and if so we
give a reference in the form (ω: [n]).
The results presented in this section consist of relatively simple generalizations of some
results summarized in [9] and [6] to the case of 2κ.
2.1 Lusin sets for κ
Let κ < λ ≤ 2κ. A set L ⊆ Kκ such that ∣L∣ ≥ λ, and if X ⊆ Kκ is any κ-meager set, then∣X ∩L∣ < λ will be called a λ-κ-Lusin set. A κ+-κ-Lusin set is simply called a Lusin set for
κ.
Theorem 1 (ω: [6]) If λ = cov(Mκ) = cof(Mκ), then there exists a λ-κ-Lusin set L ⊆ 2κ.
Proof: The proof is straightforward as in the case κ = ω. Let ⟨Aα∶α < λ⟩ be a sequence
of κ-meagre sets such that for every κ-meagre set A, there exists α < κ such that A ⊆ Aα.
Inductively, for α < λ, choose
xα ∈ 2κ ∖ ({xβ ∶β < α} ∪ ⋃
β<α
Aβ) .
The above is always possible because a complement of a union of < λ κ-meagre sets is always
not empty and even of cardinality ≥ λ, because for every x ∈ 2κ, {x} is κ-meagre. Now, set
L = {xα∶α < λ} to get a λ-κ-Lusin set. ◻
Obviously, since 2κ ⊆ κκ, we get that under the above conditions there exists a exists a λ-κ-
Lusin set L ⊆ κκ. Also, immediately we get the following corollary.
Corollary 2 (ω: [9, 6]) Assume CHκ. Then there exists a Lusin set for κ in Kκ.
◻
On the other hand, the existence of a λ-κ-Lusin set constrains the value of cov(Mκ).
Proposition 3 (ω: [6]) Assume that λ is a regular cardinal and κ < λ ≤ 2κ. If L is a λ-κ-Lusin
set, then ∣L∣ ≤ cov(Mκ).
Proof: Let L be a λ-κ-Lusin set, and let ⟨Aα⟩α<cov(Mκ) be a sequence of κ-meagre sets such
that ⋃α<cov(Mκ)Aα = 2
κ. Notice that
L = ⋃
α<cov(Mκ)
(Aα ∩L) .
But for any α < cov(Mκ), ∣L ∩Aα∣ < λ. Since λ ≤ ∣L∣, we get that ∣L∣ ≤ cov(Mκ). ◻
Corollary 4 (ω: [6]) Assume that λ is a regular cardinal, κ < λ ≤ 2κ, and that there exists
a λ-κ-Lusin set L. Then non(Mκ) ≤ λ ≤ cov(Mκ).
◻
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2.2 Sets of κ-strong measure zero
A set A ⊆ Kκ will be called κ-strongly measure zero (SN κ) if for every ⟨ξα⟩α<κ ∈ κκ, there
exists ⟨xα⟩α<κ such that xα ∈ Kξα, α < κ and A ⊆ ⋃α<κ[xα] (see also [34] and [35]). Obviously if
A ∈ [Kκ]≤κ, then A ∈ SN κ.
The well-known characterization of strongly null sets can be generalized to Kκ.
Proposition 5 (ω: [6]) If A ∈ SN κ, and ⟨ξα⟩α<κ ∈ κκ, there exists ⟨xα⟩α<κ ∈ (Kκ)κ such that
xα ∈ Kξα for all α < κ, and
A ⊆ ⋂
α<κ
⋃
α<β<κ
[xβ].
Proof: Let ⟨Xα⟩α<κ ∈ ([κ]κ)κ be a sequence of pairwise disjoint sets such that ⋃α<κXκ = κ.
Since A ∈ SN κ, for all α < κ, there exist ⟨xβ⟩β∈Xα ∈ (Kκ)Xα such that A ⊆ ⋃β∈Xα[xβ↾ξβ]. Then
A ⊆ ⋂
α<κ
⋃
α<β<κ
[xβ↾ξβ].
◻
In particular, the family of SN κ sets forms a κ+-complete ideal.
Notice also that Kκ ∉ SN κ. Indeed, assume otherwise, that 2κ ∈ SN κ, and take ⟨aα⟩α<κ ∈(2κ)κ such that 2κ = ⋃α<κ[aα↾α + 1]. Let x ∈ 2κ be such that x(α) = aα(α) + 1. Then
x ∈ 2κ ∖ ⋃
α<κ
[aα↾α + 1],
which is a contradiction.
The Generalized Borel Conjecture for κ (GBC(κ)) states that
SN κ = [Kκ]≤κ.
Some properties of this class of sets were considered in [35]. In particular, it is proven that
if κ is a successor cardinal, then SN κ is a bκ-additive ideal. Under Generalized Martin Axiom
for κ (GMA(κ), see [42]), bκ = 2κ, so then SN κ is 2κ-additive. Finally, it is proven that GBC(κ)
fails for successor κ.
We study some other properties of κ-strong measure zero sets.
Proposition 6 (ω1: [34]) Assume that κ is a strongly inaccessible cardinal. Then the family
of all closed subsets of Kκ which are not SN κ does not satisfy 2κ-chain condition.
Proof: Let X ∈ [κ]κ, and let
AX = {x ∈ Kκ∶ ∀α∈κ∖Xx(α) = 0} .
Notice that AX is a closed set in Kκ, and moreover AX ∉ SN κ. Indeed, consider X ′ = {α+1∶α ∈
X}. Let ⟨xα⟩α∈X ∈ (Kκ)X be any sequence, and let x ∈ 2κ be such that
x(α) = ⎧⎪⎪⎨⎪⎪⎩
xα(α) + 1, if α ∈X,
0, otherwise.
Then
x ∈ AX ∖ ⋃
α∈X
[xα↾α + 1],
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so AX ∉ SN κ.
Since κ<κ = κ, we can take a family F of subsets of κ such that ∣F ∣ = 2κ, and for all X,Y ∈ F ,∣X ∩ Y ∣ < κ if X ≠ Y (see Section 1.2). Consider the family A = {AX ∶X ∈ F}. If X,Y ∈ F are
such that X ≠ Y , then
AX ∩AY = {x ∈ Kκ∶ ∀α∈κ∖(X∩Y )x(α) = 0} .
so ∣AX ∩AY ∣ = Kλ < κ (κ is strongly inaccessible), for some λ < κ, because ∣X ∩ Y ∣ < κ. Thus
AX ∩AY ∈ SN κ, and A is an antichain of size 2κ in the family of all closed subsets of Kκ which
are not SN κ. ◻
Proposition 7 (ω: [9]) Assume CHκ. Then there exists a Lusin set for κ L ⊆ 2κ such that
L ×L ∉ SN κ.
Proof: Let ⟨Xα∶α < κ+⟩ be an enumeration of all closed nowhere dense sets, and let {yα∶α <
κ+} = 2κ. Inductively, for α < κ+, choose
xα, x
′
α ∈ 2
κ ∖ ({xβ ∶β < α} ∪ {x′β ∶β < α} ∪ ⋃
β<α
Xβ)
such that xα + x′α = yα. This is possible, since
Fα = {xβ ∶β < α} ∪ {x′β ∶β < α} ∪ ⋃
β<α
Xβ
is κ-meagre, so (yα + Fα) ∪ Fα is also κ-meagre. Thus, there exists xα ∉ (yα + Fα) ∪ Fα. Let
x′α = xα + yα. Then also x′α ∉ Fα.
Obviously L is a Lusin set for κ. Nevertheless, L×L is not a SN κ set. Indeed, let f ∶2κ×2κ →
2κ be given by f(x,x′) = x+x′. Notice that if α < κ is a limit ordinal, then g(0, α) = α, where g
is the canonical well-order of 2×κ. Therefore, if x ∈ 2β, for ω ≤ β < κ, then [x] when considered
as a subset of 2κ × 2κ is contained in [y] × [z], where y, z ∈ 2α with α a limit ordinal such that
α ≤ β < α+ω. This implies that f[[x]] ⊆ [y + z], and thus if X ⊆ 2κ × 2κ is κ-strongly null, then
f[X] is SN κ as well. But f[L] = 2κ, so L ∉ SN κ. ◻
Next, we study the possibility of generalization of Galvin, Mycielski and Solovay ([4]) char-
acterization of strongly null sets. One of the implications can be proved under no additional
assumptions. Before finalization of this paper, the authors became aware that results of Propo-
sition 8, Lemma 9, Theorem 10 had appeared ealier in [43]. Nevertheless, we present those
results with proofs here for the sake of completeness.
Proposition 8 (ω: [9, 6]) Let A ⊆ 2κ be such that for any nowhere dense set F , there exists
x ∈ 2κ such that (x +A) ∩ F = ∅. Then, A is SN κ.
Proof: Let {ξα∶α < κ} ∈ [κ]κ. Fix an enumeration
{xα∶α < κ} =Q,
and let
F = 2κ ∖ ⋃
α<κ
[xα↾ξα].
Since F is nowhere dense, there exists x ∈ 2κ such that (x +A) ∩ F = ∅. Therefore,
A ⊆ ⋃
α<κ
[(xα + x)↾ξα].
◻
The reversed implication can be generalized provided κ is a weakly compact cardinal.
10
Lemma 9 (ω: [9, 6]) Assume that κ is weakly compact. For any closed nowhere dense set
C ⊆ 2κ and s ∈ 2<κ, there exists ξ < κ and F ⊆ {s′ ∈ 2<κ∶ s ⊊ s′} with ∣F ∣ < κ such that for any
t ∈ 2ξ, there exists s′ ∈ F such that
([s′] + [t]) ∩C = ∅.
Proof: Let x ∈ 2κ. Since x+C is nowhere dense, we can find sx ⊋ s such that [sx]∩(x+C) = ∅.
Let αx = len(sx). Then ([x↾αx] + [sx]) ∩C = ∅.
The family {[x↾αx]∶x ∈ 2κ} is an open covering of 2κ, and since κ is weakly compact, there
exists λ < κ and a sequence ⟨xα⟩α<λ such that {[xα↾αxα]∶α < λ} covers 2κ. Let F = {sxα ∶α < λ},
and ξ = ⋃α<λ αxα < κ. If t ∈ 2ξ, then there exists α < λ such that xα↾αxα ⊆ t, so [t] ⊆ [xα↾αxα].
Therefore, ([sxα] + [t]) ∩C = ∅.
◻
Theorem 10 (ω: [9, 6]) Assume that κ is a weakly compact cardinal, and A ⊆ 2κ is SN κ.
Then for any κ-meagre set F , there exists x ∈ 2κ such that (x +A) ∩ F = ∅.
Proof: Let F = ⋃α<κCα with Cα closed nowhere dense sets. We can assume that Cα ⊆ Cβ if
α < β.
We construct inductively a tree T ⊆ κκ, along with sequences ⟨δu⟩u∈T , ⟨ξu⟩u∈T ∈ κT , and⟨su⟩u∈T ∈ (2<κ)T such that:
(a) if u ∈ T ∩ κβ, β < κ, then {u′ ∈ T ∩ κβ+1∶u ⊆ u′} = {u⌢α∶α < δu},
(b) for any u,u′ ∈ T if u ⊊ u′, then su ⊊ su′ ,
(c) for any u ∈ T ∩ κβ, β < κ, and t ∈ 2ξu , there exists α < δu such that
([su⌢α] + [t]) ∩Cβ = ∅.
Precisely, let s∅ = ∅. If u ∈ T ∩ κβ , β < κ, apply Lemma 9 to Cβ and su to get ξu < κ and
Fu ⊆ {s′ ∈ 2<κ∶ s ⊆ s′} with ∣F ∣ = δu < κ such that for any t ∈ 2ξu , there exists s′ ∈ Fu, so that([s′] + [t]) ∩ Cβ = ∅. Fix an enumeration Fu = {s′u,α∶α < δu}, and put {u′ ∈ T ∩ κβ+1∶u ⊆ u′} ={u⌢α∶α < δu}. For all α < δu, let su⌢α = s′u,α. If β < κ is a limit ordinal, let
T ∩ κβ = {u ∈ κβ ∶ ∀α<βu↾α ∈ T}.
Also, for u ∈ T ∩ κβ , let su = ⋃α<β su↾α.
Next, define ⟨δα⟩α<κ, ⟨ξα⟩α<κ in the following way. For α < κ, let
δα = ⋃
u∈T∩κα
δu,
and
ξα = ⋃
u∈T∩κα
ξu.
Notice that for all α < κ, δα, ξα < κ. Indeed, if it is the case for α < κ, then ∣T ∩ κα+1∣ = δα < κ,
so δα+1, ξα+1 < κ since κ is regular. If α is a limit ordinal, then T ∩ κα ⊆ δα with δ = ⋃β<α δβ < κ.
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And δα < κ, because κ is strongly inaccessible (every weakly compact cardinal is strongly
inaccessible).
A is SN κ. Therefore, there exists ⟨xα⟩α∈κ such that xα ∈ 2ξα, α ∈ κ and
A ⊆ ⋂
β<κ
⋃
β<α<κ
[xα].
By induction construct y ∈ κκ such that:
(a) for all α < κ, y↾α ∈ T ,
(b) for all α < κ, ([sy↾(α+1)] + [xα]) ∩Cα = ∅.
Precisely, let y(α) < δy↾α be such that
([sy↾α⌢y(α)] + [xα]) ∩Cα = ∅.
Notice that if α is a limit ordinal, then
y↾α = ⋃
β<α
y↾β ∈ T.
Finally, let
x = ⋃
α<κ
sy↾α ∈ 2κ.
Notice that for all β ≤ α < κ, we get (x + [xα]) ∩Cβ = ∅. Therefore,
(x +A) ∩F = ∅.
◻
The above propositions imply the following corollaries (see [6, Corollary 8.14]).
Proposition 11 (ω: [6]) Assume that κ is weakly compact, and A,B ⊆ 2κ are such that ∣A∣ <
add(Mκ) and B ∈ SN κ. Then A ∪B ∈ SN κ.
Proof: As in the proof of [6, Corollary 8.14], assume that 0 ∈ A ∩B. Let F be κ-meagre.
Then (A∪B)+F ⊆ B +A+F ≠ 2κ, by Theorem 10, because A+F is κ-meagre. Thus, A∪B is
SN κ by Proposition 8. ◻
Proposition 12 (ω: [6]) If A ⊆ 2κ, and ∣A∣ < cov(Mκ), then A ∈ SN κ.
Proof: Indeed, if F is κ-meagre, then A + F = ⋃a∈A a + F ≠ 2κ. Therefore by Proposition 8,
A ∈ SN κ.
◻
2.3 κ+-Concentrated sets
Furthermore, a set A ⊆ Kκ will be called λ-concentrated on a set B ⊆ Kκ (for κ < λ ≤ 2κ) if
for any open set G such that B ⊆ G, we have ∣A ∖G∣ < λ.
The relation between concentrated sets, Lusin sets, and strongly null sets can be easily
generalized to κ.
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Proposition 13 (ω: [9, 6]) A set A ⊆ Kκ is a Lusin set for κ if and only if ∣A∣ > κ and is
κ+-concentrated on every dense set D ⊆ Kκ with ∣D∣ = κ.
Proof: Indeed, if A is a Lusin set for κ, then ∣A∣ > κ and moreover, if D ⊆ Kκ is dense with∣D∣ = κ, and G ⊇ D is open, then G is a dense open set, so ∣A ∖G∣ = ∣(Kκ ∖G) ∩A∣ ≤ κ.
On the other hand, let A ⊆ Kκ with ∣A∣ > κ be a set κ+-concentrated on every dense set
D ⊆ Kκ with ∣D∣ = κ and let X ⊆ Kκ be a nowhere dense set. Since X is contained in a closed
nowhere dense set, Kκ∖X ⊇ G, where G is a dense open set. But there exists a dense set D ⊆ G
with ∣D∣ = κ, and hence A is κ+-concentrated on D. Thus, ∣A ∖G∣ ≤ κ, so A is a Lusin set for
κ. ◻
Proposition 14 (ω: [9, 6]) If a set A ⊆ Kκ is κ+-concentrated on a set B such that ∣B∣ ≤ κ,
then A ∈ SN κ.
Proof: Fix an enumeration of B, B = {bα∶α < κ}. Let I = {ξα∶α < κ} ∈ [κ]κ, and let f ∶κ×{0,1}→
κ be a bijection. Moreover, let
G = ⋃
α<κ
[bα↾ξf(α,0)] .
Then ∣A ∖G∣ ≤ κ, so let A ∖G = {cα∶α < κ}. Therefore,
A ⊆ ⋃
α<κ
[bα↾ξf(α,0)] ∪ ⋃
α<κ
[cα↾ξf(α,1)] ,
which proves that A ∈ SN κ. ◻
Corollary 15 (ω: [9, 6]) Every Lusin set for κ in Kκ is SN κ
◻
On the other hand, we get the following.
Proposition 16 (ω: [9]) Assume CHκ. Then there exists a set A ⊆ 2κ such that A ∈ SN κ,
but A is not κ+-concentrated on any B ⊆ 2κ with ∣B∣ ≤ κ.
Proof: Let ⟨Xα∶α < κ+⟩ be an enumeration of all closed nowhere dense sets. Inductively, for
α < κ+, choose a perfect nowhere dense set Pα such that
Pα ∩ (⋃
β<α
Pβ ∪ ⋃
β<α
Xα) = ∅.
Choosing such a set is possible since every co-meagre set contains a κ-perfect set (see Sec-
tion 1.2).
Therefore, for any α < β < κ+, Pα is a perfect nowhere dense set, and Pα∩Pβ = ∅. Moreover,
if X is κ-meagre, then there exists ξ < κ+ such that
X ∩ ⋃
ξ<β<κ+
Pβ = ∅.
Let I = {ξα∶α < κ} ∈ [κ]κ, and let
f ∶ [κ]<κ × {0} ∪ κ × κ × {1}→ κ
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be a bijection. For s ∈ [κ]<κ, let χs ∈ 2κ be the characteristic function of s, and let
G = ⋃
s∈[κ]<κ
[χs↾ξf(s,0)] .
Notice that G is open and dense, and therefore there exists ξ < κ+ such that
⋃
ξ<β<κ+
Pβ ⊆ G.
Let Lα ⊆ Pα be a Lusin set relativized to Pα, α < κ+, and let A = ⋃α<κ+ Lα. Let g∶ ξ + 1 → κ
be an injection. Since for all β < κ+, we have Lβ ∈ SN κ, let ⟨xα,β ∈ 2<κ∶α < κ,β ≤ ξ⟩, be such
that for all β ≤ ξ,
Lβ ⊆ ⋃
α<κ
[xα,β↾ξf(α,g(β),1)] .
Then
A ⊆ ⋃
ξ<β<κ+
Pβ ∪ ⋃
β≤ξ
Lβ ⊆ ⋃
s∈[κ]<κ
[χs↾ξf(s,0)] ∪ ⋃
β≤ξ
⋃
α<κ
[xα,β↾ξf(α,g(β),1)] ,
so A ∈ SN κ.
On the other hand, if B ⊆ 2κ with ∣B∣ ≤ κ, then there exists α < κ+ such that Pα ∩B = ∅.
Therefore, G = 2κ ∖Pα is an open set such that B ⊆ G, but
A ∖G = A ∩Pα = Lα,
and ∣Lα∣ > κ. ◻
Proposition 17 (ω: [6]) If A ⊆ 2κ is cov(Mκ)-concentrated on an SN κ set, then A is also
SN κ.
Proof: Let f ∶2×κ → κ be a bijection and ⟨ξα⟩α<κ ∈ κκ. Let A ⊆ 2κ be cov(Mκ)-concentrated
on an SN κ set B. There exists a sequence ⟨aα⟩α<κ ∈ (2κ)κ such that
B ⊆ G = ⋃
α<κ
[aα↾ξf(0,α)].
G is open, therefore ∣A ∖ G∣ < cov(Mκ). By Proposition 12, A ∖ G ∈ SN κ, so there exists
a sequence ⟨bα⟩α<κ ∈ (2κ)κ such that
A ∖G ⊆ ⋃
α<κ
[bα↾ξf(1,α)].
Therefore,
A ⊆ ⋃
α<κ
[aα↾ξf(0,α)] ∪ ⋃
α<κ
[bα↾ξf(1,α)].
◻
2.4 Perfectly κ-meagre sets and κ-λ-sets
A set A ⊆ Kκ is a κ-λ-set if for any B ⊆ A with ∣B∣ ≤ κ there exists a sequence ⟨Bα⟩α<κ, where
Bα ⊆ Kκ are open, and ⋂α<κBα ∩A = B.
Furthermore, a set A ⊆ Kκ will be called perfectly κ-meagre (PMκ) if for every perfect
P ⊆ Kκ, A∩P is κ-meagre relatively to P . Additionally, a set A ⊆ Kκ will be called κ-perfectly
κ-meagre (PκMκ) if for every κ-perfect P ⊆ Kκ, A∩P is κ-meagre relatively to P . Obviously,
if A ∈ PMκ, then A ∈ PκMκ.
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Proposition 18 (ω: [9, 6]) Every κ-λ-set A ⊆ Kκ is perfectly κ-meagre.
Proof: Let P ⊆ Kκ be a perfect set and A ∩ P ≠ ∅. Since there exists a base of size κ, we
can find a set B ⊆ P ∩A with ∣B∣ ≤ κ which is dense in P ∩A. Let ⟨Bα⟩α<κ be a sequence of
open sets such that ⋂α<κBα ∩A = B. Therefore,
P ∩A ⊆ B ∪ ⋃
α<κ
(P ∩A ∖Bα)
is κ-meagre in P . ◻
On the other hand, since not every κ-analytic subset of Kκ has to have κ-Baire property
(see e.g. [31]), it is not clear whether there always exists a PMκ set of cardinality greater then
κ.
Problem 19 Is there a set A ⊆ Kκ such that ∣A∣ = κ+ and A ∈ PMκ in every model of ZFC?
A set A will be called a κ-λ′-set if for any F such that ∣F ∣ ≤ κ, A ∪ F is a κ-λ-set.
Proposition 20 (ω: [9]) A union of κ many κ-λ′-sets is a κ-λ′-set.
Proof: Indeed, let ⟨Aα⟩α<κ be a sequence of κ-λ′-sets, and let F be such that ∣F ∣ ≤ κ. Then,
let ⟨Gα,β⟩α,β<κ be a collection of open sets such that
F = (Aα ∪ F ) ∩ ⋂
β<κ
Gα,β,
for any α < κ. We have that
F = (F ∪ ⋃
α<κ
Aα) ∩ ⋂
α,β<κ
Gα,β.
◻
Proposition 21 (ω: [9]) If X,Y ⊆ 2κ are κ-λ sets, then X × Y is also a κ-λ set.
Proof: Let F ⊆ X × Y be such that ∣F ∣ ≤ κ. Then F1 = pi1[F ] and F2 = pi2[F ] are also at
most of cardinality κ. Let ⟨Gα,1⟩α<κ and ⟨Gα,2⟩α<κ be such that
F1 =X ∩ ⋂
α<κ
Gα,1
and
F2 = Y ∩ ⋂
α<κ
Gα,2.
We obtain
F = X × Y ∩ ⋂
α<κ
Gα,1 × 2κ ∩ ⋂
α<κ
2κ ×Gα,2 ∩ ⋂
x∈F1×F2∖F
(2κ × 2κ ∖ {x}).
◻
The above proposition can be proven analogously for κ-λ′ sets.
A set A ⊆ Kκ is a κ-s0-set if for any κ-perfect set P ⊆ Kκ, there exists a κ-perfect set Q ⊆ P
such that Q ∩A = ∅.
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Proposition 22 (ω: [9, 6]) Every PκMκ subset of 2
κ is a κ-s0-set.
Proof: Let P be κ-perfect, and A ∈ PκMκ. There exists a homeomorphism h∶P → 2κ.
Then h[A ∩P ] is κ-meagre, so there exists a κ-perfect set Q′ ⊆ 2κ ∖ h[A]. Then Q = h−1[Q′] is
a κ-perfect set included in P ∖A. ◻
Similar proposition can be proven for PMκ sets.
Proposition 23 (ω: [9, 6]) Every PMκ subset of 2κ is an s0-set.
Proof: If G = ⋃α<κGα ⊆ P with Gα nowhere dense in P , we construct by induction a partial
function F ∶2<κ → TP such that for s, s′ ∈ domF , s ⊊ s′ if and only if F (s) ⊊ F (s′). Indeed, let
F (∅) be such that [F (∅)] ∩G0 = ∅. Then, given F (s), s ∈ 2α ∩ domF , let ts ⊋ F (s) be such
that [ts] ∩Gα+1 = ∅ and ts ∈ Split(T ). Set F (s⌢0) = ts ⌢0 and F (s⌢1) = ts ⌢1. For limit β < κ,
and s ∈ 2β such that s↾α ∈ domF for all α < β, let ts = ⋃α<β F (s↾α). If ts ∈ TP , then let F (s) ⊋ ts
be such that F (s) ∩Gβ = ∅. Otherwise, s ∉ domF . Notice that since Gα is nowhere dense for
all α < κ, for any s ∈ 2<β ∩ domF there exists s′ ∈ 2β ∩ domF such that s ⊆ s′. Finally, let
TQ = {t ∈ 2<κ∶ t ⊆ F (s), s ∈ domF}.
Obviously, TQ ⊆ TP is a perfect tree, so Q = [TQ] is a perfect subset of P ∖G.
◻
Notice that a set having only κ-meagre homeomorphic images may not be perfectly κ-
meagre.
Proposition 24 (ω: [9]) There exists a set A ⊆ 2κ which is not PκMκ, but its every homeo-
morphic image is κ-meagre.
Proof: Let P ⊆ 2κ be a κ-meagre κ-perfect set, e.g.
P = {x ∈ 2κ∶ ∀α<κx(α + 1) = 0}.
Let ⟨Pξ⟩ξ<2κ be an enumeration of all κ-perfect subsets of P . Find inductively ⟨xξ⟩ξ<2κ and⟨yξ⟩ξ<2κ such that xξ ≠ yξ, and
xξ, yξ ∈ Pξ ∖ ⋃
η<ξ
{xη, yη},
for all ξ < 2κ. Finally, let
A =Q ∪ ⋃
ξ<2κ
{xξ}.
Notice that A is not PκMκ, as it is not a κ-s0-set. Indeed, there is no κ-perfect Q ⊆ P such
that Q∩A = ∅. But if s ∈ 2<κ, then [s⌢1]∩P = ∅, so every open set contains an open subset U
such that ∣U ∩A∣ ≤ κ. Therefore if h is a homeomorphism, then h[A] has also this property. In
particular, for s ∈ 2<κ let ts ∈ 2<κ be such that s ⊆ ts, and ∣h[A] ∩ [ts]∣ ≤ κ. Then
A′ = ⋃
s∈2<κ
(h[A] ∩ [ts])
is of cardinality at most κ, and h[A] ∖A′ is nowhere dense. ◻
On the other hand, for κ-λ-sets we get the following.
Proposition 25 (ω: [9]) Let A,B ⊆ Kκ, and assume that f ∶A→ B is a one-to-one continuous
map. If B is a κ-λ set, then A is also a κ-λ-set.
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Proof: Indeed, let C ⊆ A and ∣C ∣ ≤ κ. then f[C] ⊆ B is also of cardinality at most κ, and
there exists a sequence of open sets ⟨Gα⟩α<κ such that
B ∩ ⋂
α<κ
Gα = f[C].
But since f is one-to-one, we get
A ∩ ⋂
α<κ
f−1[Gα] = C.
◻
A similar statement can be proven for κ-λ′-sets.
Proposition 26 (ω: [9]) Let X,Y ⊆ Kκ, and assume that f ∶X → Y is a continuous map. Let
A ⊆X and B ⊆ Y be such that B is a κ-λ′-set, and f↾A is one-to-one onto B. Then A is also
a κ-λ′ set.
Proof: The proof is similar to the proof in the case κ = ω. Namely, let C ⊆ X with ∣C ∣ < κ.
Then there exists a sequence of open sets ⟨Gα⟩α<κ such that (B ∪ f[C]) ∩ G = f[C], where
G = ⋂α<κGα. Therefore,
f−1[G] = f−1[B ∩ f[C]] ∪ f−1[G ∖B] = (A ∩C) ∪ f−1[G ∖B],
because f is one-to-one on A. This implies that
f−1[G] ∩ (A ∪C) = (A ∩C) ∪ (f−1[G] ∩C) = C.
◻
2.5 κ-σ-Sets
A set A ⊆ Kκ will be called κ-σ-set if for any sequence of closed sets ⟨Fα⟩α<κ, there exists
a sequence of open sets ⟨Gα⟩α<κ such that
A ∩ ⋃
α<κ
Fα = A ∩ ⋂
α<κ
Gα.
Proposition 27 (ω: [6]) Every κ-σ-set is PMκ.
Proof: Let A be a κ-σ set, and let P ⊆ Kκ be a perfect set, and assume that P ∩A ≠ ∅. Let
C ∈ [A ∩ P ]≤κ be such that for all s ∈ K<κ if [s] ∩ P ∩ A ≠ ∅, then [s] ∩ C ≠ ∅. There exists
a sequence of open sets ⟨Gα⟩α<κ such that
C = A ∩ ⋂
α<κ
Gα.
Therefore C ⊆ Gα, for any α < κ. Thus, for all α < κ, A ∖Gα is nowhere dense in P . We have
that
A = C ∪ (A ∖C) = C ∪ (A ∖ ⋂
α<κ
Gα) = C ∪ ⋃
α<κ
(A ∖Gα)
is κ-meagre in P . ◻
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2.6 Cover selection principles in 2κ
In this section we study analogues of cover selection properties for subsets of Kκ.
2.6.1 κ-γ-Sets
A family of open subsets U of a topological space X will be called a κ-cover of X if for any
A ∈ [X]<κ there exists U ∈ U such that A ⊆ U . It is a γ-κ-cover if U = {Uα∶α < κ}, and
X ⊆ ⋃
α<κ
⋂
α<β<κ
Uβ .
Notice that every subsequence of length κ of a κ-γ-cover is still a κ-γ-cover.
The family of all κ-covers of X will be denoted by Ωκ(X), and the family of all κ-γ-covers
will be denoted by Γκ(X). The family of all open covers of size κ of X , is denoted by Oκ(X).
The underlying set can be omitted in this notation if it is apparent from the context. We always
assume that the covers which are considered in this article are proper, i.e. the set itself is never
an element of its cover.
X ⊆ Kκ will be called a κ-γ-set if for every open κ-cover U of X there exists a sequence⟨Uα⟩α<κ ∈ Uκ such that {Uα∶α < κ} is a κ-γ-cover.
If A,B are families of open covers of a set X , we shall say that it has Sκ
1
(A,B) property
if for every sequence ⟨Uα⟩α<κ ∈ Aκ, there exists a sequence ⟨Uα⟩α<κ such that Uα ∈ Uα, for all
α < κ, and {Uα∶α < κ} ∈ B.
We aim to prove that similarly to the case κ = ω, κ-γ-sets can be characterized in terms of
selection principles. First we need the following easy observation.
Lemma 28 (ω: [6]) Let X be a subset of a κ-additive topological space, and A,B be any
families of open covers of cardinality κ of X such that:
(a) if V ∈ B is a refinement of an open cover U , then there exists U ′ ⊆ U with U ′ ∈ B,
(b) if β < κ, and ⟨Uα⟩α<β ∈ Aβ, then there exists U ∈ A such that U is a refinement of Uα for
every α < β,
(c) if {Uα∶α < κ} ∈ B, and Vβ = {Vα,β ∶α < γβ} for β < κ and ⟨γβ⟩β∈κ ∈ κκ are such that Uβ ⊆ Vα,β
for all β < κ,α < γβ, then ⋃β<κ Vβ ∈ B.
Then X satisfies Sκ
1
(A,B) if and only if for every ⟨Uα⟩α<κ ∈ Aκ such that Uβ is a refinement ofUα, for all α < β < κ, there exists ⟨Uα⟩α<κ with {Uα∶α < κ} ∈ B, and Uα ∈ Uα for all α < κ.
Proof: Let X be a set satisfying the premise of the Lemma 28 along with families A and B
and such that for every ⟨Uα⟩α<κ ∈ Aκ such that Uβ is a refinement of Uα, for all α < β < κ, there
exists ⟨Uα⟩α<κ with {Uα∶α < κ} ∈ B, and Uα ∈ Uα for all α < κ.
Let ⟨Wα⟩α<κ ∈ Aκ be arbitrary. By induction we construct ⟨Uα⟩α<κ ∈ Aκ such that Uβ is
a refinement of Uα and Wα, for all α < β < κ. Hence, there exists ⟨Uα⟩α<κ such that {Uα∶α <
κ} ∈ B, and Uα ∈ Uα for all α < κ. For all α < κ, let Oα ∈ Wα be such that Uα ⊆ Oα. Then{Uα∶α < κ} is a refinement of {Oα∶α < κ} thus there exists A ⊆ κ such that {Oα∶α ∈ A} ∈ B.
Now, choose ⟨Vα⟩α<κ such that Vα = Oα if α ∈ A, and Vα ∈ Wα be such that Oβ ⊆ Vα for
β = min(A ∖ α). Then {Vα∶α < κ} ∈ B, and for any α < κ, Vα ∈Wα.
◻
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Lemma 29 (ω: [6]) If X ⊆ Kκ, then A = Ωκ(X) and B = Γκ(X) satisfy the premise of
Lemma 28.
Proof: Recall that an intersection of less than κ open sets in Kκ is still open. The rest of
the proof is obvious. ◻
Theorem 30 (ω: [6]) A set X ⊆ Kκ, with ∣X ∣ ≥ κ is a κ-γ-set if and only if it has property
Sκ
1
(Ωκ,Γκ).
Proof: As in the case κ = ω, choose a sequence of distinct points ⟨xα⟩α<κ ∈Xκ. Assume that⟨Wα⟩α<κ ∈ (Ωκ(X))κ is a sequence of covers such that for α < β, Wβ is a refinement of Wα. Let
U = {U ∖ {xα}∶U ∈Wα, α ∈ κ}.
Notice that U is a κ-cover of X . Since X is a κ-γ-set, there exists a κ-γ-cover V ⊆ U . LetV = {Vα∶α < κ}, and let ⟨ξα⟩α<κ ∈ κκ be such that Vα = Uα ∖ {xξα} with Uα ∈ Wξα. Notice that∣{ξα∶α < κ}∣ = κ. Indeed, if this is not the case, an ordinal γ < κ occurs cofinitely many times
in the sequence ⟨ξα⟩α∈κ, thus
xγ ∉ ⋃
α<κ
⋂
α<β<κ
Vβ.
Therefore, let ⟨δα⟩α<κ ∈ κκ be such that ⟨ξδα⟩α<κ is a strictly increasing sequence. Notice that⟨Vδα⟩α<κ is also a κ-γ-cover of X .
Let A = {ξδα ∶α < κ}, and choose ⟨Wα⟩α<κ such that Wξα = Vα if ξα ∈ A, and otherwise choose
Wα ∈ Wα such that Vβ ⊆ Wα for β = min(A ∖ α). Then {Wα∶α < κ} ∈ Γκ, and for any α < κ,
Wα ∈Wα. Therefore, by Lemmas 28 and 29, X satisfies Sκ1 (Ωκ,Γκ). ◻
Corollary 31 (ω: [6]) Every κ-γ-set satisfies Sκ
1
(Γκ,Γκ).
Proof: Obviously, every κ-γ-cover is a κ-cover. ◻
Finally, we prove that every union of κ many closed subsets of κ-γ-set is κ-γ-set as well.
Proposition 32 (ω: [6]) A κ-union of closed subsets of a κ-γ-set is a κ-γ-set.
Proof: Let F = ⋃α<κFα with Fα ⊆X , where X is a κ-γ-set and Fα are closed in X . Assume
that for α < β < κ, Fα ⊆ Fβ, and let U be a κ-cover of F . For any α < κ,
Uα = {U ∪ (X ∖ Fα)∶U ∈ U}
is a κ-cover of X . Thus, by Theorem 30, there exists a sequence ⟨Uα⟩β<κ such that Uα ∈ Uα, and
X ⊆ ⋃
γ<κ
⋂
γ<β<κ
Uβ.
Let ⟨Vα⟩α,β<κ ∈ Uκ be such that Uα = Vα ∪ (X ∖ Fα).
Then
F ⊆ ⋃
α<κ
⋂
α<β<κ
Vβ,
because if x ∈ F , there exists α < κ such that x ∉ X ∖Fβ for all β < κ with α < β. Thus,
x ∈ ⋂
α<β<κ
Vβ.
◻
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2.6.2 κ-Hurewicz property
A cover U of a set X is essentially of size κ if for every V ∈ [U]<κ, X ∖⋃V ≠ ∅.
We will say that a set X satisfies Uκ<κ(A,B) principle if for every sequence ⟨Uα⟩α<κ ∈ Aκ
of covers essentially of size κ, there exists ⟨Vα⟩α<κ such that Vα ∈ [Uα]<κ for all α < κ, and{⋃Vα∶α < κ} ∈ B.
A set X has κ-Hurewicz property if it satisfies Uκ<κ(Oκ,Γκ) principle.
Proposition 33 (ω: [6]) If X ⊆ Kκ satisfies Sκ
1
(Γκ,Γκ), then it has κ-Hurewicz property.
Proof: Assume that ⟨Uα⟩α∈κ is a sequence of open covers of X which are essentially of size
κ. Let Uβ = {Uβ,α∶α < κ}, for all β < κ, and let Vβ,α = ⋃γ<αUβ,γ for all α,β < κ.
Notice that, for any β < κ, ⟨Vβ,α⟩α<κ is a κ-γ-cover of X . Indeed, if there exists
x ∈ X ∖ ⋃
α<κ
⋂
α<γ<κ
Vβ,γ = X ∖ ⋃
α<κ
⋂
α<γ<κ
⋃
δ<γ
Uβ,δ,
then x ∉ Uβ,δ for all δ < κ.
Thus, there exists a sequence ⟨ξα⟩α∈κ ∈ κκ such that {Vα,ξα ∶α < κ} is a κ-γ-cover. For α < κ,
let Vα = {Uα,β ∶β < ξα}. Then
{⋃Vα∶α < κ} = {Vα,ξα ∶α < κ}
is the desired κ-γ-cover. ◻
Corollary 34 (ω: [6]) If X is a κ-γ-set, then it has κ-Hurewicz property.
◻
On the other had, no Lusin set for κ can have κ-Hurewicz property. Indeed, we get the
following lemma.
Lemma 35 (ω: [6]) If A ⊆ Kκ with an empty interior has κ-Hurewicz property, then A is
κ-meagre.
Proof: Let {sα∶α < κ} = K<κ, and let {xα∶α < κ} be such that xα ∈ [sα]∖A for all α < κ, and
let Uα,β = Kκ ∖ [xα↾β]. Finally, let Uα = {Uα,β ∶β < κ} for α < κ. For α < κ, Uα is an increasing
open cover of A, which is essentially of size κ.
Since A has κ-Hurewicz property, there exists ⟨ξα⟩α<κ ∈ κκ such that
{Uα,ξα ∶α < κ}
is a κ-γ-cover of A. In other words,
A = ⋃
α<κ
⋂
α<β<κ
Uβ,ξβ .
Obviously,
⋂
α<β<κ
Uβ,ξβ = ⋂
α<β<κ
(Kκ ∖ [xβ↾ξβ]) = Kκ ∖ ⋃
α<β<κ
[xβ↾ξβ]
is a nowhere dense set for any α < κ. Hence, A is κ-meagre. ◻
Corollary 36 (ω: [6]) If κ < λ ≤ 2κ, and L ⊆ Kκ is a λ-κ-Lusin set, then L does not have
κ-Hurewicz property.
◻
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2.6.3 κ-Menger property
A set has κ-Menger property if it satisfies Uκ<κ(Oκ,Oκ) principle.
Despite that every Lusin set for κ lacks κ-Hurewicz property (see Corollary 36), it has
κ-Menger property.
Proposition 37 (ω: [6]) Let L ⊆ Kκ be a Lusin set for κ. Then L has κ-Menger property.
Proof: Let {sα∶α < κ} = {s ∈ K<κ∶ [s] ∩L ≠ 0}, and let {xα∶α < κ} be such that xα ∈ [sα] ∩L
for all α < κ.
Let ⟨Uα⟩α<κ be a sequence of open covers essentially of size κ. For α < κ, let Uα ∈ Uκ be such
that xα ∈ Uα. Then, L ∖⋃α<κUα is nowhere dense, hence ∣L ∖⋃α<κUα∣ ≤ κ. Thus let
L ∖ ⋃
α<κ
Uα = {yα∶α < κ}.
For all α < κ, let Vα ∈ Uα be such that yα ∈ Vα. Let Vα = {Uα, Vα}, for α < κ. Then {⋃α<κ Vα∶α <
κ} is an open cover of L. ◻
2.6.4 κ-Rothberger property
A set has κ-Rothberger property if it satisfies Sκ
1
(Oκ,Oκ) principle. Obviously, this property
implies κ-Menger property.
Proposition 38 (ω: [6]) If A ⊆ Kκ has κ-Rothberger property, then A ∈ SN κ.
Proof: Let ⟨ξα⟩α<κ ∈ κκ be a sequence of ordinals. For α < κ, let
Uα = {[s]∶ s ∈ 2ξα} .
Since A has κ-Rothberger property, we get that there exists a sequence ⟨sα⟩α<κ such that
sα ∈ Kξα for all α < κ, and {[sξα]∶α < κ} is a cover of A. ◻
Corollary 39 (ω: [6]) The generalized Cantor space 2κ and the generalized Baire space κκ do
not have κ-Rothberger property.
◻
Proposition 14 can be formulated in a stronger form.
Proposition 40 (ω: [6]) If A ⊆ Kκ is κ+-concentrated on a set B ⊆ Kκ with ∣B∣ ≤ κ, then A
has κ-Rothberger property.
Proof: We modify the proof of Proposition 14. Fix an enumeration of B, B = {bα∶α < κ}.
Let ⟨Uα⟩α<κ ∈ (Oκ)κ be a sequence of open covers of size κ, and let f ∶κ×{0,1}→ κ be a bijection.
For all α < κ, let Uα = {Uα,β ∶β < κ}. Let ⟨ξα⟩α∈κ ∈ κκ be such that bα ∈ Uf(α,0),ξα for all α < κ.
Moreover, let G = ⋃α<κUf(α,0),ξα . Then ∣A ∖G∣ ≤ κ, so let A ∖G = {cα∶α < κ}.
Find ⟨δα⟩α∈κ ∈ κκ such that cα ∈ Uf(α,1),δα for all α < κ. Then,
A ⊆ ⋃
α<κ
Uf(α,0),ξα ∪ ⋃
α<κ
Uf(α,1),δα .
◻
This allows us to formulate a stronger version of Proposition 37.
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Corollary 41 (ω: [6]) Every Lusin set for κ has κ-Rothberger property.
Proof: By Proposition 13, every Lusin set for κ satisfies the premise of Proposition 40. ◻
Lemma 42 (ω: [6]) If X ⊆ Kκ, then A = Oκ(X) and B = Oκ(X) satisfy the premise of
Lemma 28.
◻
Theorem 43 (ω: [6]) Every κ-γ-set of cardinality ≥ κ has κ-Rothberger property.
Proof: Assume that X ⊆ Kκ is a κ-γ-set, and let ⟨Uα⟩α∈κ be a sequence of open covers of X
of size κ such that Uβ is a refinement of Uα for all α < β. Let ⟨aα⟩α<κ ∈ Xκ be a sequence of
distinct points. Let b∶ ⟨⋃α<κ{α} × α,≤lex⟩→ κ be the order isomorphism.
For α < κ, let
Vα = {⋃
β<α
Uβ ∖ {aα}∶ ⟨Uβ⟩β<α such that ∀β<αUβ ∈ Ub(α,β)} ,
and let V = ⋃α<κ Vα.
Notice that if B ⊆ X is such that ∣B∣ = λ < κ, then there exists α < κ such that λ < α, and
aα ∉ B. Let B = {bβ ∶β < λ}. For β < λ, let Uβ ∈ Ub(α,β) be such that bβ ∈ Uβ, and for λ ≤ β < α,
let Uβ ∈ Ub(α,β) be arbitrary. Then
B ⊆ ⋃
β<α
Uβ ∖ {aα} ∈ Vα ⊆ V.
Thus, V is a κ-cover of X .
Since X is a κ-γ-set, there exist a κ-γ-cover ⟨Vα⟩α<κ ∈ Vκ. Let ⟨ξα⟩α<κ ∈ κκ be such that
Vα ∈ Vξα . Notice that ∣{ξα∶α < κ}∣ = κ, because for all α < κ, aα ∉ ⋃Vα. Therefore, there
exists an increasing sequence ⟨δα⟩α∈κ such that ⟨ξδα⟩α∈κ is strictly increasing. Then ⟨Vδα⟩α<κ is
a κ-γ-cover as well.
For α < κ, let ⟨Uα,β⟩β<ξδα be such that Uα,β ∈ Ub(ξδα ,β), for β < ξδα, and
Vδα = ⋃
β<ξδα
Uα,β ∖ {aξδα}.
Let A = {b(ξδα , β)∶α < κ,β < ξδα}, and choose ⟨Wα⟩α<κ such that Wα = Uβ,γ ∈ Uα if α ∈ A
and α = b(β, γ). If α ∉ A, choose Wα ∈ Uα be such that Wα ⊇ Wβ for β = min(A ∖ α). Then{Wα∶α < κ} ∈ Oκ, and for any α < κ, Wα ∈ Uα. Therefore, by Lemmas 28 and 42, X satisfies
Sκ
1
(Oκ,Oκ). ◻
Corollary 44 (ω: [6]) Every κ-γ-set is κ-strongly null.
Proof: Follows by Corollary 38. ◻
Corollary 45 The generalized Cantor space 2κ and the generalized Baire space κκ are not
κ-γ-sets.
◻
Thus, no κ-perfect subset of 2κ is a κ-γ-set. Nevertheless, the following question remains
unanswered.
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Problem 46 Is there a closed subset of 2κ which is a κ-γ-set?
We finish by proving a lemma which becomes useful in the next section.
Lemma 47 (ω: [14]) Assume that κ is a weakly inaccessible cardinal. Let A ⊆ 2κ be a κ-γ set
which is not closed. Then there exists B ∈ [κ]κ such that for all C ∈ [B]κ, χC ∉ A.
Proof: Let A ⊆ 2κ be a κ-γ set, and let b∶ ⋃α<κ{α}×α → κ be a bijection. Notice that 2κ ∖A
is not an open set. Therefore, there exists y ∈ 2κ ∖A such that A ∩ [y↾α] ≠ ∅, for any α < κ.
Choose inductively a sequence ⟨xα⟩α<κ ∈ Aκ such that if for α,β < κ, xα = xβ only if α = β, and
for every γ < κ there exists α < κ such that y↾γ = xα↾γ. To achieve this, take any x0 ∈ A, and
for α < κ, let
ξ = ⋃
β<α
⋃{γ < κ∶ y↾γ = xβ↾γ}.
Let xα ∈ A ∩ [y↾ξ + 1].
If I ⊆ κ and s ∈ 2I , let [s] denote {x ∈ 2κ∶x↾I = s}. For α < κ, let
Uα = {⋃
s∈S
[s] ∩A ∖ ⋃
α≤β<κ
{xβ}∶S ∈ [2b[{α}×α]]<∣α∣} ,
and let U = ⋃α<κ Uα. Notice that U is a κ-cover of A, because κ is weakly inaccessible. Therefore,
we have ⟨Uα⟩α<κ ∈ Uκ such that
A ⊆ ⋃
α<κ
⋂
α<β<κ
Uβ .
But since
xα ∉ ⋃
β<α
⋃Uβ,
for all α < κ, we get that for any α < κ, there exists ξ < κ such that for all ξ < β < κ, there
exists α < γ < κ such that Uβ ∈ Uγ. Therefore, we can choose inductively increasing sequences⟨ξα⟩α<κ ∈ κκ and ⟨δα⟩α<κ ∈ κκ such that Uξα ∈ Uδα , for any α < κ.
Fix α < κ, and let Sα ∈ [2b[{δα}×δα]]<∣δα∣ be such that
Uξα = ⋃
s∈Sα
[s] ∩A ∖ ⋃
δα≤β<κ
{xβ}.
There exists ηα < δα such that χa ∉ Sα for any a ⊇ {b(δα, ηα)}. Let
B = {b(δα, ηα)∶α < κ}.
Then, for all C ∈ [B]κ, χC ∉ A. Indeed, if C ∈ [B]κ, then for every α < κ, there is α < β < κ
such that for
a = C ∩ b[{δβ} × δβ}] = {b(δβ , ηβ)}
we get that χa ∉ Sβ. For such β, χC ∉ Uξβ , therefore for all α < κ,
χC ∉ ⋂
α<β<κ
Uξβ ,
and hence
χC ∉ ⋃
α<κ
⋂
α<β<κ
Uβ ⊇ A.
◻
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3 Generalization of other notions of small sets in 2κ and
κκ
In this section we present generalizations of some less common notions of small sets.
Some of the results presented here have their counterparts in the standard case of 2ω (or
ωω1
1
), and if so, we give a reference in the form (ω: [n]) (or (ω1: [n])).
In this section we use notation and notions described in Sections 1.1, 1.2, and Section 2.
3.1 X-small sets
In this section we present some parallels of the results from [34, Chapter 4].
If X ⊆ κ, then a set A ⊆ Kκ will be called X-small if there exists ⟨aα⟩α∈X ∈ (Kκ)X such that
A ⊆ ⋃
α∈X
[aα↾α].
Notice that A is SN κ if it is X-small for any X ∈ [κ]κ.
Consider the following order on [κ]κ. For X,Y ⊆ [κ]κ, let X < Y (respectively, X ≤ Y ) if
and only if there exists a bijection F ∶X → Y such that for all α ∈ X , α < F (α) (respectively,
α ≤ F (α)). Let X + 1 = {α + 1∶α ∈X}. Notice that if X < Y , then X + 1 ≤ Y .
Let X,Y ∈ [κ]κ be such that X < Y . Then, the family of Y -small sets is a proper subfamily
of X-small sets (see [34]). Indeed, it is sufficient to prove that there exists a X-small set which
is not a (X + 1)-small. Assume that A ⊆ ⋃α∈X[aα↾α] with ⟨aα⟩α∈X ∈ (Kκ)X . We can assume
that if β,α ∈X with β > α, then aβ ∉ [aα↾α]. To obtain a contradiction assume that
A ⊆ B = ⋃
α∈X
[bα↾α + 1]
with ⟨bα⟩α∈X ∈ (Kκ)X . Then consider x ∈ Kκ such that
x(α) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
aminX(α), if α <minX,
bα(α) + 1, if α ∈X,
0, otherwise.
Notice that x ∈ [aminX↾minX] ⊆ A, but x ∉ B, which is a contradiction.
Let λ < κ. We say that a set A ⊆ Kκ is λ-X-small for X ⊆ κ if there exists ⟨aα,β⟩α∈X,β<λ ∈((Kκ)X)λ such that
A ⊆ ⋃
α∈X
⋃
β<λ
[aα,β↾α].
A ⊆ Kκ is X -null for X ⊆ [κ]≤κ if for all X ∈ X , A is X-small, and λ-X -null if for all X ∈ X , A
is λ-X-small. Obviously, A is SN κ if and only if A is [κ]κ-null.
The notion of λ-X -null sets for X ⊆ [κ]λ does not depend precisely on X . Indeed, we get
the following proposition.
Proposition 48 (ω1: [34]) Let λ < κ. A set A ⊆ Kκ is λ-{{α}∶α < κ}-null in Kκ if and only
if it is [κ]λ-null.
Proof: Let λ < κ, and assume that A is λ-{{α}∶α < κ}-null. Let X = {ξβ ∶β < λ} ∈ [κ]λ and
α = ⋃X . Obviously, α < κ. Therefore, there exists a sequence ⟨aβ⟩β<λ such that
A ⊆ ⋃
β<λ
[aβ↾α] ⊆ ⋃
β<λ
[aβ↾ξβ],
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so A is X-small.
On the other hand, assume that A is [κ]λ-null and α < κ. Then let X = {α+β∶β < λ} ∈ [κ]λ.
There exists a sequence ⟨aβ⟩β<λ such that
A ⊆ ⋃
β<λ
[aβ↾α + β] ⊆ ⋃
β<λ
[aβ↾α],
so A is λ-{α}-small. ◻
A set A ⊆ Kκ will be called small in Kκ if there exists λ < κ such that A is λ-{{α}∶α < κ}-
null. Obviously, every A ⊆ Kκ with ∣A∣ < κ is small in Kκ.
Notice that every small set in Kκ is κ-strongly null.
Proposition 49 (ω1: [34]) Let A ⊆ Kκ be small in Kκ. Then A ∈ SN κ.
Proof: Let λ < κ be such that A is λ-{{α}∶α < κ}-null. Therefore, by Proposition 48, A
is [κ]λ-null. Let X = {ξα∶α < κ} ∈ [κ]κ. There exists a sequence ⟨aα⟩α<λ ∈ (Kκ)λ such that
A ⊆ ⋃α<λ[aα↾ξα]. For λ ≤ α < κ set aα = 0. We get that A ⊆ ⋃α<κ[aα↾ξα]. ◻
Proposition 50 (ω1: [34]) A set A ⊆ Kκ is SN κ if and only if there exists λ < κ such that A
is λ-[κ]κ-null.
Proof: If A ⊆ Kκ is SN κ, it is obviously λ-[κ]κ-null for all λ < κ. Assume that λ < κ, and
A ⊆ Kκ is λ-[κ]κ-null. LetX = {ξα∶α < κ} ∈ [κ]κ. Let b∶λ×κ → κ be a bijection, and for all α < κ,
let Xα = {ξb(β,α)∶β < λ} ∈ [κ]λ. Let δα = ⋃Xα, for α < κ. Finally, let Y = {δα∶α < κ} ∈ [κ]κ. We
can find ⟨xα,β⟩α<κ,β<λ ∈ (Kκ)κ×λ such that
A ⊆ ⋃
α<κ
⋃
β<λ
[xα,β↾δα].
For α < κ, let zα = xb−1(α). Then
A ⊆ ⋃
α<κ
[zα↾δpi2(b−1(α))] ⊆ ⋃
α<κ
[zα↾ξα].
◻
Proposition 51 Let X ⊆ κ be such that 0 ∉ X and X ∩ Lim = ∅. If A ⊆ 2κ is X-small, then∣2κ ∖A∣ = 2κ.
Proof: Let ⟨xα⟩α∈X ∈ (2κ)X be such that A ⊆ ⋃α∈X[xα↾α]. Consider the set
B = {x ∈ 2κ∶ ∀α<κ (α + 1 ∈X ⇒ x(α) = xα+1(α) + 1)} .
Then for all α ∈ X , B ∩ [xα↾α] = ∅. Thus, B ∩ A = ∅. Furthermore, B contains a set
homeomorphic to 2κ, so ∣2κ ∖A∣ = 2κ. ◻
Next we study a connection between the diamond principle for κ (see section 1.2) and the
notion of C-smallness for closed unbounded or stationary sets C ⊆ κ.
For E ⊆ κ, A ⊆ 2κ, I ⊆ [κ]≤κ, let ♢κ(E,A,I) denote the following principle: there exists
a sequence ⟨sα⟩α<κ ∈ (2<κ)κ such that for all x ∈ A,
{α ∈ E∶x↾α = sα} ∉ I .
Notice the following easy observation.
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Proposition 52 If A ⊆ 2κ, and E ⊆ κ, then ♢κ(E,A,{∅}) if and only if A is E-small.
Proof: Indeed, ♢κ(E,A,{∅}) if and only if for all x ∈ A,
{α ∈ E∶x↾α = sα} ≠ ∅.
◻
Proposition 53 (ω1: [34]) Let E ⊆ κ. The principle ♢κ(E,2κ,NSκ) holds if and only if
♢κ(E) holds.
Proof: Let ⟨sα⟩α∈E ∈ (2<κ)κ be such that for all x ∈ 2κ, {α ∈ E∶x↾α = sα} is stationary in κ.
Let Sα = s−1α [{1}] ∩ α, for α ∈ E, and let X ⊆ κ. Then
{α ∈ E∶X ∩ α = Sα} = {α ∈ E∶χX↾α = sα}
is a stationary subset of κ, so ♢κ(E) holds.
Similarly, if ⟨Sα⟩α<κ ∈ ([κ]<κ)κ is such that for any X ⊆ κ, {α ∈ E∶X ∩ α = Sα} is stationary,
let sα = χSα∩α, for α < κ. This sequence witnesses ♢κ(E,2κ,NSκ). ◻
Proposition 54 (ω1: [34]) Assume ♢κ. If C is a closed unbounded set in κ, then 2κ is C-
small.
Proof: By Proposition 53, there exists a sequence ⟨sα⟩α<κ ∈ (2<κ)κ such that for all x ∈ 2κ,{α ∈ κ∶x↾α = sα} is stationary in κ. Therefore, if C is a closed unbounded set in κ, then{α ∈ C ∶x↾α = sα} is stationary, thus non-empty for all x ∈ 2κ. Therefore, 2κ = ⋃α∈C[sα]. ◻
Proposition 55 (ω1: [34]) Let E ⊆ κ, and assume ♢κ(E). Then 2κ is E-small.
Proof: By Proposition 53, there exists a sequence ⟨sα⟩α<κ ∈ (2<κ)κ such that for all x ∈ 2κ,{α ∈ E∶x↾α = sα} is stationary in κ. So it is not empty, and 2κ = ⋃α∈E[sα]. ◻
Corollary 56 (ω1: [34]) Assume V = L. Then 2κ is X-small for every stationary set X ⊆ κ.
Proof: Recall that V = L implies ♢κ(X) for every stationary set X ⊆ κ (see [44, Exercise
VI.14]). Therefore, by Proposition 55, 2κ is small for every stationary X ⊆ κ. ◻
The whole space 2κ can be presented as a union of a κ-meagre set, and a X -null set forX ∈ [[κ]κ]κ.
Proposition 57 (ω1: [34]) Let X ∈ [[κ]κ]κ. There exist A,B ⊆ 2κ such that A is X -null and
B is κ-meagre, and A ∪B = 2κ.
Proof: Let X ∈ [[κ]κ]κ. Let Q = {qα∶α < κ} and let X = {Xα∶α < κ}, and Xα = {xα,β ∶β < κ}
be enumerations. For α < κ, put
Aα = ⋃
β<κ
[qβ↾xα,β].
Notice that 2κ ∖ Aα is nowhere dense, therefore, if A = ⋂α<κAα, then 2κ ∖ A is κ-meagre.
Obviously, A is X -null. ◻
On the other hand, we have the following.
Proposition 58 (ω1: [34]) Every small set in Kκ is nowhere dense.
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Proof: Let λ < κ be such that A ⊆ 2κ is λ − {{α}∶α < κ}-null. Let s ∈ 2β with β < κ, and let
ξ = β + λ. There exists ⟨xα⟩α<λ ∈ (Kκ)λ such that
A ⊆ ⋃
α<λ
[xα↾ξ].
But ∣{x↾ξ∶x ∈ [s]}∣ = 2λ, thus there exists t ∈ 2ξ such that s ⊆ t, and [t] ∩A = ∅. ◻
But not every nowhere dense set in Kκ is small in Kκ.
Proposition 59 (ω1: [34]) There exists a nowhere dense set A ⊆ Kκ which is not κ-strongly
null.
Proof: Let ⟨ξα⟩ ∈ κκ be an increasing sequence of limit ordinals. Let
A = {x ∈ Kκ∶ ∀α<κx(ξα) = 0} .
Obviously, A is nowhere dense. Assume that A ∈ SN κ. Then there exists ⟨xα⟩α<κ ∈ (Kκ)κ such
that A ⊆ ⋃α<κ[xα↾ξα + 1]. Let x ∈ 2κ be such that x(ξα) = xα(ξα)+ 1 for all α < κ, and x(β) = 0
for β ∉ {ξα∶α ∈ κ}. Then x ∈ A, but x ∉ ⋃α<κ[xα↾ξα + 1], which is a contradiction. ◻
3.2 κ-Meagre additive sets
In this section we present some generalizations of results concerning meagre additive sets. We
start by generalizing the combinatorial characterization of meagre sets (see [8, Theorem 2.2.4]).
Proposition 60 (ω: [8]) Assume that κ is strongly inaccessible, and A ⊆ 2κ is a κ-meagre set.
Then there exist y ∈ 2κ and an increasing sequence ⟨ξα⟩α<κ ∈ κκ such that
A ⊆ {x ∈ 2κ∶ ∃β<κ∀β<γ<κ∃ξγ≤ξ<ξγ+1x(ξ) ≠ y(ξ)} .
Proof: Let A ⊆ ⋃α<κFα with Fα closed nowhere dense for all α < κ. Additionally, we assume
that if α < β < κ, then Fα ⊆ Fβ. We define ⟨ξα⟩α<κ ∈ κκ and y ∈ 2κ by induction. Let ξ0 = 0.
Assume that η < κ, and ξη and y↾η are defined. Let ⟨tα,η⟩α<δη be an enumeration of 2η. Notice
that δη < κ, since κ is assumed to be strongly inaccessible. Define inductively ⟨sα,η⟩α<δη such
that
(a) if α ≤ β < δη, then sα,η ⊆ sβ,η,
(b) [tα,η ⌢sα,η] ∩ Fη = ∅.
Let sη = ⋃α<δη sα,η, and let len(sη) = γη. Obviously, γη < κ. Set ξη+1 = ξη+γη and y(ξη+α) = sη(α)
for α < γη. If η < κ is a limit ordinal set ξη = ⋃α<η ξα.
It follows that if x ∈ 2κ, and the set of all γ < κ such that for all ξ such that ξγ ≤ ξ < ξγ+1, we
have x(ξ) = y(ξ), is cofinal in κ, then for all α < κ, there exists γ < κ with γ ≥ α, and x ∉ Fγ.
Therefore, x ∉ ⋃α<κFα ⊇ A. ◻
A set A ⊆ 2κ will be called κ-meagre additive if for any κ-meagre set F , A+F is κ-meagre.
The family of all κ-meagre additive sets we denote byM∗κ.
By Proposition 8, we immediately get the following Corollary.
Corollary 61 Every κ-meagre additive set is κ-strongly null.
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◻
The following theorem is a generalization of the characterization of meagre-additive sets ([8,
Theorem 2.7.17], see also Section 1.1).
Proposition 62 (ω: [8]) Assume that κ is strongly inaccessible, and X ⊆ 2κ. Then X ∈M∗κ
if and only if for every increasing sequence ⟨ξα⟩α<κ ∈ κκ there exist a sequence ⟨ηα⟩α<κ ∈ κκ and
z ∈ 2κ such that
X ⊆ {x ∈ 2κ∶ ∃α<κ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Proof: Assume that X ∈M∗κ, and ⟨ξα⟩α<κ ∈ κκ. Let
B = {y ∈ 2κ∶ ∃α<κ∀α<β<κ∃ξβ≤δ<ξβ+1y(δ) ≠ 0} .
Obviously, B is κ-meagre, so X +B is also κ-meagre, and X +B = ⋃x∈X Bx, where
Bx = {y ∈ 2κ∶ ∃α<κ∀α<β<κ∃ξβ≤δ<ξβ+1y(δ) ≠ x(δ)} .
By Proposition 60, there exist a sequence ⟨ηα⟩α<κ ∈ κκ and z ∈ 2κ such that
X +B ⊆ C = {a ∈ 2κ∶ ∃α<κ∀α<β<κ∃ηβ≤δ<ηβ+1a(δ) ≠ z(δ)} .
Therefore, for any x ∈X , Bx ⊆ C. Similarly to [8, Lemma 2.7.5], we prove that there exists
α < κ such that for all α < β < κ, there exists γ < κ such that ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 and for all
ξγ ≤ δ < ξγ+1, we get x(δ) = z(δ).
Indeed, let
S = {β < κ∶ ¬∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
To obtain a contradiction, assume that for all α < κ, S ∖ α ≠ ∅. Let S = {σα∶α < κ}, and let
S′ = {σα∶α < κ ∧α is a limit ordinal}. Finally, let
D = {α < κ∶ ∃β∈S′ ηβ ≤ α < ηβ+1} .
Notice that if for β < κ, {δ < κ∶ ξβ ≤ δ < ξβ+1} ⊆ D, then there exists ξβ ≤ δ < ξβ+1 such that
x(δ) ≠ z(δ). Let y ∈ 2κ be such that
y(δ) = ⎧⎪⎪⎨⎪⎪⎩
z(δ), if δ ∈ D,
x(δ) + 1, otherwise.
Then y ∈ Bx, but y ∉ C, which is a contradiction.
Therefore,
X ⊆ {x ∈ 2κ∶ ∃α<κ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Conversely, assume that X ⊆ 2κ is such that for every sequence ⟨ξα⟩α<κ ∈ κκ, there exist
a sequence ⟨ηα⟩α<κ ∈ κκ and z ∈ 2κ such that
X ⊆ {x ∈ 2κ∶ ∃α<κ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Let F be κ-meagre. Then, by Proposition 60 we get a sequence ⟨ξα⟩α<κ ∈ κκ and y ∈ 2κ such
that
F ⊆ F ′ = {a ∈ 2κ∶ ∃α<κ∀α<β<κ∃ξβ≤δ<ξβ+1a(δ) ≠ y(δ)} .
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Let ⟨ηα⟩α<κ ∈ κκ and z ∈ 2κ be such that
X ⊆ {x ∈ 2κ∶ ∃α<κ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Then
X + F ⊆X + F ′ ⊆ {a ∈ 2κ∶ ∃α<κ∀α<β<κ∃ηβ≤δ<ηβ+1a(δ) ≠ y(δ) + z(δ)} ,
which is a κ-meagre set. Therefore, X ∈M∗κ. ◻
Notice that this implies that under the same assumption every κ-meagre additive set is
PκMκ.
Proposition 63 (ω: [17]) Assume that κ is a strongly inaccessible cardinal. Then every κ-
meagre additive set is PκMκ.
Proof: Let A ∈M∗κ, and let P ⊆ 2κ be a κ-perfect set. By induction we construct a sequence⟨ξα⟩α<κ ∈ κκ such that ξ0 = 0, and for α < κ,
ξα+1 = ⋃
t∈TP∩2ξα
min {len(s)∶ t ⊆ s ∈ Split(TP )} + 1.
Finally, for limit α < κ, let ξα = ⋃β<α ξβ.
By Proposition 62, we can find a sequence ⟨ηα⟩α<κ ∈ κκ and z ∈ 2κ such that
A ⊆ ⋃
α<κ
{x ∈ 2κ∶ ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Let α < κ, and let s ∈ TP . Fix s′ ∈ TP such that s ⊆ s′, and for some β > α, len(s′) = ηβ. Let
γ0 =min {γ < κ∶ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1}
and
γ1 = ⋃ {γ < κ∶ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1} + 1.
Inductively, we construct a sequence ⟨tδ⟩γ0≤δ≤γ1 such that for all γ0 ≤ δ ≤ δ′ ≤ γ1, tδ ∈ TP ∩2ξδ ,
tδ ⊆ tδ′ , and ∃ξδ≤ξ<ξδ+1tδ+1(ξ) ≠ z(ξ). Indeed, let tγ0 ∈ TP be such that s ⊆ tγ0 , and len(tγ0) = ξγ0.
Given tδ, by definition of ⟨ξα⟩α<κ, one can find tδ+1 ⊇ tδ such that ∃ξδ≤ξ<ξδ+1tδ+1(ξ) ≠ z(ξ), because∣{t ∈ TP ∩ 2ξδ+1 ∶ t ⊇ tδ}∣ ≥ 2. For limit δ < κ, set any tδ ⊇ ⋃γ0≤ξ<δ tξ such that len(tδ) = ξδ.
Then,
[tγ1] ∩P ∩ {x ∈ 2κ∶ ∀α<β<κ∃γ<κ (ηβ ≤ ξγ < ξγ+1 ≤ ηβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))}
is empty, and hence A is κ-meagre in P . ◻
3.3 κ-Ramsey null sets
In this section we generalize some results presented in [14].
For α < κ, s ∈ 2α and S ∈ [κ ∖α]κ, let
[s,S] = {x ∈ 2κ∶ s−1[{1}] ⊆ x−1[{1}] ⊆ s−1[{1}] ∪ S ∧ ∣x−1[{1}] ∩ S∣ = κ}.
A set A ⊆ 2κ will be called κ-Ramsey null (κ −CR0) if for any α < κ, s ∈ 2α and S ∈ [κ ∖α]κ,
there exists S′ ∈ [S]κ such that [s,S′] ∩A = ∅.
It is a well-known fact that the ideal of Ramsey null subsets of 2ω is a σ-ideal (see e.g. [45]).
We do not know whether the analogue holds for κ-Ramsey null sets.
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Problem 64 Is the ideal of κ-Ramsey null subsets of 2κ κ+-complete?
Theorem 65 (ω: [14]) Assume that κ is a weakly inaccessible cardinal. Then every κ-γ-set
which is not closed in 2κ is κ-Ramsey null.
Proof: The proof is similar to the proof of [14, Theorem 2.1]. Namely, let A ⊆ 2κ be a κ-γ-set,
and δ < κ, s ∈ 2δ and
S = {ξα∶α < κ} ∈ [κ ∖ δ]κ.
Let
E = {x ∈ 2κ∶ s−1[{1}] ⊆ x−1[{1}] ⊆ s−1[{1}] ∪ S} = s0 + S0,
where s0 = s ∪ {⟨β,0⟩∶β ∈ κ ∖ δ} and S0 = {f ∪ {⟨β,0⟩∶β ∉ S}∶f ∈ 2S}. Notice that S0 is a closed
set in 2κ, and so is E. Moreover, ϕ∶2κ → E given by the following expression
ϕ(x) = s0 + χ{ξα∶x(α)=1∧α<κ}
is a homeomorphism.
By Proposition 32, E ∩A is a κ-γ set, and therefore so is ϕ−1[E ∩A]. By Lemma 47, there
exists B ∈ [κ]κ such that for all C ∈ [B]κ, χC ∉ ϕ−1[E ∩A], which means that ϕ(χC) ∉ A. Let
S′ = {ξα∶α ∈ B}. Then S′ ∈ [S]κ, and [s,S′] = {ϕ(χC)∶C ∈ [B]κ}. Thus, [s,S′] ∩A = ∅. ◻
Lemma 66 (ω: [14]) If A,B ⊆ 2κ, then
2κ ∖ (A + (2κ ∖B)) = {x ∈ 2κ∶x +A ⊆ B}.
Proof: The proof of [14][Lemma 4.1] is valid for any vector space over Z2. ◻
Proposition 67 (ω: [14]) Assume that κ is strongly inaccessible, and A ⊆ 2κ is a κ-meagre
set. Then there exists a κ-meagre set B ⊆ 2κ such that A + (2κ ∖B) is κ-Ramsey null.
Proof: By Proposition 60, we get z ∈ 2κ and a sequence ⟨ξα⟩α<κ ∈ κκ such that A ⊆ A′, where
A′ = {x ∈ 2κ∶ ∃β<κ∀β<γ<κ∃ξγ≤ξ<ξγ+1z(ξ) ≠ x(ξ)} .
Fix a bijection b∶κ × 2→ κ. Let
B = {x ∈ 2κ∶ ∃β<κ∀β<α<κ∃γ∈((ξb(α,0)+1∖ξb(α,0))∪(ξb(α,1)+1∖ξb(α,1)))x(γ) ≠ z(γ)}
Let η < κ, s ∈ 2η and S ∈ [κ ∖ η]κ. We shall find S′ ⊆ S such that
[s,S′] ∩ (A′ + (2ω ∖B)) = ∅.
Let S′ ∈ [S]κ be such that for all α < κ such that ξb(α,0), ξb(α,1) > α,
∣((ξb(α,0)+1 ∖ ξb(α,0)) ∪ (ξb(α,1)+1 ∖ ξb(α,1))) ∩ S′∣ ≤ 1.
Let v ∈ [s,S′], and assume that v = a + b for some a ∈ A′, b ∈ 2ω ∖B. Thus,
(a) there exists ξ < κ such that for all ξ < α < κ, there exists γ0 ∈ ξb(α,0)+1 ∖ ξb(α,0) and γ1 ∈
ξb(α,1)+1 ∖ ξb(α,1) such that a(γ0) ≠ z(γ0) and a(γ1) ≠ z(γ1),
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(b) for every δ < κ, there exists δ < α < κ such that for all β ∈ (ξb(α,0)+1 ∖ ξb(α,0))∪(ξb(α,1)+1 ∖ ξb(α,1)),
b(β) = z(β).
Hence, there exists α < κ such that
(i) there exists at most one η ∈ (ξb(α,0)+1 ∖ ξb(α,0)) ∪ (ξb(α,1)+1 ∖ ξb(α,1)) such that v(η) = 1,
(ii) there exists γ0 ∈ ξb(α,0)+1 ∖ ξb(α,0) and γ1 ∈ ξb(α,1)+1 ∖ ξb(α,1) such that a(γ0) ≠ z(γ0) and
a(γ1) ≠ z(γ1),
(iii) for all β ∈ (ξb(α,0)+1 ∖ ξb(α,0)) ∪ (ξb(α,1)+1 ∖ ξb(α,1)), b(β) = z(β).
Then, either for all β ∈ ξb(α,0)+1 ∖ ξb(α,0), v(η) = 0, or for all β ∈ ξb(α,1)+1 ∖ ξb(α,1), v(η) = 0.
Hence, either for all β ∈ ξb(α,0)+1 ∖ ξb(α,0), a(η) = b(η), or for all β ∈ ξb(α,1)+1 ∖ ξb(α,1), a(η) = b(η).
This is a contradiction, thus,
[s,S′] ⊆ 2κ ∖ (A′ + (2κ ∖B)) .
Hence, A + (2κ ∖B) ⊆ A′ + (2κ ∖B) is κ-Ramsey null. ◻
We get the following theorem.
Theorem 68 (ω: [14]) Assume that κ is strongly inaccessible, cov(κ−CR0) ≥ 2κ, and add(Mκ) =
2κ. Then there exists a κ-meagre additive set which is not κ-Ramsey null.
Proof: Let {Fα∶α < 2κ} be an enumeration of all closed nowhere dense sets in 2κ, and[κ]κ = {Xα∶α < 2κ}. We construct a sequence ⟨xα⟩α<2κ ∈ (2κ)2κ by induction. For α < 2κ,
using Proposition 67, choose a κ-meagre set Bα ⊆ 2κ such that Fα + (2ω ∖Bα) is κ-Ramsey null.
Choose any
xα ∈ {χS ∶S ∈ [Xα]κ} ∖ ⋃
β<α
(Fβ + (2ω ∖Bβ)) .
Such xα exists, because cov(κ −CR0) ≥ 2κ.
Let A = {xα∶α < 2κ}. Obviously, A is not κ-Ramsey null, because for all S ∈ [κ]κ, there
exists S′ ∈ [S]κ such that χS′ ∈ A.
Moreover, if F is nowhere dense, then let α < 2κ be such that F ⊆ Fα. For every β > α,
xβ ∉ Fα + (2ω ∖Bα),
thus by Lemma 66,
xβ + Fα ⊆ Bα.
Hence,
A + F ⊆ A + Fα = ⋃
β≤α
(xβ + Fα) ∪ ⋃
α<β<2κ
(xβ + Fα) = ⋃
β≤α
(xβ + Fα) ∪Bα,
which is κ-meagre, since add(Mκ) = 2κ. ◻
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3.4 κ-T’-sets
A definition of a T’-set was given in [14] (see also section 1.1). We provide a generalization
of this notion in case of 2κ. A set A ⊆ 2κ is here called κ-T’-set if there exists a sequence of
cardinal numbers ⟨λα⟩α<κ ∈ κκ such that for every increasing sequence ⟨δα⟩α<κ ∈ κκ with δ0 = 0,
and δα = ⋃β<α δβ for limit α, there exists a sequence ⟨ηα⟩α<κ ∈ κκ, and
Hα ∈ [2δηα+1∖δηα ]≤ληα ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈Hα} .
Similarly to [14] we prove some equivalent characterizations of this class of sets.
We start by an easy observation.
Proposition 69 A set A ⊆ 2κ is here called κ-T’-set if there exists a sequence of cardinal
numbers ⟨λα⟩α<κ ∈ κκ such that for every increasing sequence ⟨δ′α⟩α<κ ∈ κκ there exists a sequence⟨ηα⟩α<κ ∈ κκ, and
H ′α ∈ [2δ′ηα+1∖δ′ηα ]≤ληα ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ′ηα+1 ∖ δ′ηα) ∈Hα} .
Proof: Obviously, every set which satisfies the premise is a κ-T ′-set. Conversely, let ⟨δ′α⟩α<κ ∈
κκ be an increasing sequence. Notice, that it is sufficient to take sequence ⟨δα⟩α<κ ∈ κκ such
that
δα =
⎧⎪⎪⎨⎪⎪⎩
⋃β<α δ′β if α is a limit ordinal,
δ′α otherwise,
for α < κ. Then we get a sequence ⟨ηα⟩α<κ ∈ κκ, and
Hα ∈ [2δηα+1∖δηα ]≤ληα ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈Hα} .
Take
H ′α = {f↾(δ′ηα+1 ∖ δ′ηα)∶h ∈Hα} .
◻
Proposition 70 (ω: [14]) A set A ⊆ 2κ is a κ-T’-set if and only if there exists a sequence of
cardinal numbers ⟨λα⟩α<κ ∈ κκ such that for every increasing sequences ⟨δ0,α⟩α<κ, ⟨δ1,α⟩α<κ ∈ κκ,
with δ0,α < δ1,α ≤ δ0,α+1 for all α < κ, there exists a sequence ⟨ηα⟩α<κ ∈ κκ, and
Iα ∈ [2δ1,ηα∖δ0,ηα ]≤ληα ,
for all α < κ, so that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ1,ηα ∖ δ0,ηα) ∈ Iα} .
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Proof: Obviously, a set which fulfils the above condition is a κ-T’-set. On the other hand,
if A ⊆ 2κ is a κ-T’-set, then let ⟨λα⟩α<κ ∈ κκ be a sequence of cardinals given by the definition
of a κ-T’-set. Let
δα = ⋃
β<α
δ1,β,
for α < κ. There exists a sequence ⟨ηα⟩α<κ ∈ κκ, and
Hα ∈ [2δηα+1∖δηα ]≤ληα ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈Hα} .
Notice that (δ1,ηα ∖ δ0,ηα) ⊆ (δηα+1 ∖ δηα). Let
Iα = {f↾(δ1,ηα ∖ δ0,ηα)∶f ∈Hα} ,
for α < κ. Obviously, ∣Iα∣ ≤ ∣Hα∣ ≤ ληα , and
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ1,ηα ∖ δ0,ηα) ∈ Iα} .
◻
Proposition 71 (ω: [14]) Assume that κ is a weakly inaccessible cardinal. A set A ⊆ 2κ
is a κ-T’-set if and only if for every increasing sequence ⟨δα⟩α<κ ∈ κκ such that δ0 = 0, and
δα = ⋃β<α δβ for limit α < κ, there exists a sequence ⟨ηα⟩α<κ ∈ κκ such that for limit β < κ,
ηβ = ⋃α<β ηα, and
Jα ∈ [2δηα+1∖δηα ]≤∣ηα∣ ,
for all α < κ, so that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈ Jα} .
Proof: Obviously, a set which fulfils the above condition is κ-T’-set. On the other hand, if
A ⊆ 2κ is κ-T’-set, then let ⟨λα⟩α<κ ∈ κκ be a sequence of cardinals given by the definition of
a κ-T’-set. Since κ is weakly inaccessible, we can assume that ⟨λα⟩α<κ is strictly increasing and
⋃α<β λα = λβ for limit β < κ. Let ⟨δα⟩α<κ ∈ κκ be an increasing sequence. Let ⟨δ′α⟩α<κ ∈ κκ be
the following sequence: δ′
0
= 0,
δ′α+1 = δλα+1,
and δ′α = ⋃β<α δ
′
β, when α is a limit ordinal.
There exists a sequence ⟨η′α⟩α<κ ∈ κκ, and
Hα ∈ [2δ′η′α+1∖δ′η′α]≤λη′α ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ′η′α+1 ∖ δ′η′α) ∈Hα} .
One can also assume that η′β = ⋃α<β η
′
α for all limit β < κ. Let ηα = λη′α . Notice that δηα+1∖δηα ⊆
δ′η′α+1 ∖ δ
′
η′α
. Thus, let
Jα = {f↾(δηα+1 ∖ δηα)∶f ∈ Hα} .
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We get that ∣Jα∣ ≤ ∣Hα∣ ≤ λη′α = ηα,
and
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈ Jα} .
◻
Corollary 72 (ω: [14]) Assume that κ is a weakly inaccessible cardinal. A set A ⊆ 2κ is a κ-
T’-set if and only if for every increasing sequences ⟨δ0,α⟩α<κ, ⟨δ1,α⟩α<κ ∈ κκ such that δ0,α < δ1,α ≤
δ0,α+1 for all α < κ, there exists a sequence ⟨ηα⟩α<κ ∈ κκ such that for limit β < κ, ⋃α<β ηα = ηβ,
and
Iα ∈ [2δ1,ηα∖δ0,ηα ]≤∣ηα∣ ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ1,ηα ∖ δ0,ηα) ∈ Iα} .
◻
Proposition 73 (ω: [14]) Assume that κ is a weakly inaccessible cardinal. The class of κ-T’-
sets forms a κ+-complete ideal of subsets of 2κ.
Proof: Let ⟨Aα⟩α<κ be a sequence of κ-T’-sets, and let sequences ⟨δ0,α⟩α<κ, ⟨δ1,α⟩α<κ ∈ κκ be
increasing sequences such that δ0,α < δ1,α ≤ δ0,α+1 for all α < κ. Inductively construct sequences⟨ηα,β⟩α,β<κ ∈ κκ×κ and ⟨Jα,β⟩α,β<κ such that:
(a) if β1 < β2 < κ, then {ηα,β2 ∶α < κ} ⊆ {ηα,β1 ∶α < κ},
(b) {ηα,β ∶α < κ} is a closed unbounded set in κ for every β < κ,
(c) Jα,β ∈ [2δ1,ηα,β∖δ0,ηα,β ]≤∣ηα,β ∣ , for all α,β < κ,
(d) Aβ ⊆ {x ∈ 2κ∶ ∀γ<κ∃γ<α<κx↾(δ1,ηα,β ∖ δ0,ηα,β) ∈ Jα,β}, for all β < κ.
To obtain the above, inductively construct a sequence ⟨Iα⟩α<κ ∈ ([κ]κ)κ such that I0 = κ,
and let Iβ+1 = {ηα,β ∶α < κ}. Moreover, for limit α < κ, let Iα = ⋂β<α Iβ. Obviously, Iα is closed
unbounded.
Now, for β < κ, by Corollary 72, we can get ⟨η′α,β⟩α<κ and ⟨Jα,β⟩α<κ for sequences ⟨δ0,ζα,β⟩α∈κ
and ⟨δ0,ζα,β⟩α∈κ, where {ζα,β∶α < κ} = Iβ is the increasing enumeration, i.e. such that
Jα,β ∈ [2δ1,ζη′α,β,β∖δ0,ζη′α,β,β ]≤∣η
′
α,β ∣
,
for all α < κ, and
Aβ ⊆ {x ∈ 2κ∶ ∀γ<κ∃γ<α<κx↾(δ1,ζη′
α,β
,β
∖ δ0,ζη′
α,β
,β
) ∈ Jα,β} .
and η′β = ⋃α<β η
′
α for all limit β < κ. Now, let ηα,β = ζη′α,β ,β, for α < κ. We get
∣Jα,β ∣ ≤ ∣η′α,β ∣ ≤ ∣ηα,β ∣ ,
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for all α < κ.
Let
I = ⋃
β<κ
{ζα,β∶α < β}.
Notice that ∣I ∣ = κ, and for all β < κ there exists γ < κ such that I ∖ γ ⊆ Iβ. Let {ζα∶α < κ} = I
be the increasing enumeration of I. Let
Jα = ⋃
β<α
{g ∈ 2δ1,ζα∖δ0,ζα ∶ ∃f∈Jγ,βg↾domf = f ∧ ζα = ηγ,β ∧ γ < κ} ,
for α < κ. Notice that Jα ⊆ 2δ1,ζα∖δ0,ζα , and
∣Jα∣ ≤ ∣α∣ ⋅ ∣ζα∣ = ∣ζα∣,
for ω ≤ α < κ. Finally, notice that
⋃
α<κ
Aα ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾ (δ1,ζα ∖ δ0,ζα) ∈ Jα} .
Thus, by Corollary 72, ⋃α<κAα is a κ-T’-set. ◻
Proposition 74 (ω: [14]) If A,B ⊆ 2κ are κ-T’-sets, then A +B is also a κ-T’-set.
Proof: Let ⟨λAα ⟩α<κ, ⟨λBα ⟩α<κ ∈ κκ be sequences of cardinals given by the definition of κ-T’-sets
for A and B, respectively. Let
λα =max{λAα , λBα ,ℵ0},
for α < κ. Let ⟨δ0,α⟩α<κ, ⟨δ1,α⟩α<κ ∈ κκ be sequences such that δ0,α < δ1,α ≤ δ0,α+1 for all α < κ. By
Proposition 70, we get a sequence ⟨ηAα ⟩α<κ ∈ κκ, and
IAα ∈ [2δ1,ηAα ∖δ0,ηAα ]≤λ
A
ηAα ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δ1,ηAα ∖ δ0,ηBα ) ∈ IAα } .
Let δB
0,α = δ0,ηAα , and δ
B
1,α = δ1,ηAα , for α < κ. Again, by Proposition 70, we get a sequence⟨ηBα ⟩α<κ ∈ κκ, and
IBα ∈ [2δB1,ηBα ∖δB0,ηBα ]
≤λB
ηBα
,
for all α < κ such that
B ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾ (δB1,ηBα ∖ δB0,ηBα ) ∈ IBα } .
Let ηα = ηAηBα , for α < κ, and let
Iα = IAηBα + I
B
α ⊆ 2
δB
1,ηBα
∖δB
0,ηBα = 2δ1,ηα∖δ0,ηα ,
for α < κ. Notice that ∣Iα∣ ≤ λα, for all α < κ, and
A +B ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾ (δ1,ηα ∖ δ0,ηα) ∈ Iα} ,
so by Proposition 70, A +B is a κ-T’-set. ◻
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Proposition 75 (ω: [14]) Assume that κ is a strongly inaccessible cardinal. Then every κ-γ-
set is a κ-T’-set.
Proof: Assume that A ⊆ 2κ is a κ-γ-set, and let ⟨δα⟩α<κ ∈ κκ be a sequence such that δ0 = 0,
and δα = ⋃β<α δβ for limit α. Let
Iα = [2δα+1∖δα]≤∣α∣ ,
for α < κ, and let
Uα,S = {x ∈ 2κ∶x↾ (δα+1 ∖ δα) ∈ S} ,
for α < κ, and S ∈ Iα. Obviously, U = {Uα,S ∶α < κ ∧ S ∈ Iα} is an open κ-cover of 2κ. Therefore,
there exists a sequence ⟨Vα⟩α<κ ∈ Uκ such that
A ⊆ ⋃
α<κ
⋂
α<β<κ
Vβ.
Since κ is strongly inaccessible, for every β, γ < κ, there exist γ ≤ α < κ and β ≤ δ < κ such that
Vα = Uδ,S, with S ∈ Iδ. Therefore, there exist increasing sequences ⟨ξα⟩α<κ, ⟨ηα⟩α<κ such that
Vξα = Uηα,Sα, where Sα ∈ Iηα . Thus,
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈ Sα} .
Hence, A is a κ-T’-set. ◻
Proposition 76 (ω: [14]) Assume that κ is a strongly inaccessible cardinal. Then every κ-
T’-set is κ-meagre additive.
Proof: Let A ⊆ 2κ be a κ-T’-set, and let ⟨ξα⟩α<κ ∈ κκ be an increasing sequence. Let⟨ζα⟩α<κ ∈ κκ be a sequence such that ζ0 = 0, ζα+1 = ζα + α, and ζα = ⋃β<α ζβ, for limit α < κ.
Let δα = ξζα. By Proposition 71, there exists a sequence ⟨ηα⟩α<κ ∈ κκ, and
Jα ∈ [2δηα+1∖δηα ]≤∣ηα∣ ,
for all α < κ such that
A ⊆ {x ∈ 2κ∶ ∀β<κ∃β<α<κx↾(δηα+1 ∖ δηα) ∈ Jα} .
For β < κ let {jα,β, α < ηα} = Jβ be an enumeration. Let z ∈ 2κ be the following:
z(γ) = ⎧⎪⎪⎨⎪⎪⎩
jα,β(γ), if ξζηβ+α ≤ γ < ξζηβ+α+1, α, β < κ,
0, otherwise.
We have that
A ⊆ {x ∈ 2κ∶ ∃α<κ∀α<β<κ∃γ<κ (δβ ≤ ξγ < ξγ+1 ≤ δβ+1 ∧ ∀ξγ≤δ<ξγ+1x(δ) = z(δ))} .
Thus, by Proposition 62, A is κ-meagre additive. ◻
Therefore, we get the following.
Corollary 77 (ω: [14]) Assume that κ is a strongly inaccessible cardinal. Then every κ-γ-set
is κ-meagre additive.
◻
On the other hand, recall that if κ is strongly inaccessible, cov(κ−CR0) ≥ 2κ, and add(Mκ) =
2κ, then there exists a κ-meagre additive set which is not κ-Ramsey null (Theorem 68), but ever
κ-γ-set is κ-Ramsey-null (Theorem 65). Thus, under those conditions the above implication
cannot be reversed.
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3.5 κ-v0-Sets
A κ-perfect set P ⊆ 2κ is a κ-Silver perfect if for all α < κ and any i ∈ {0,1},
∃s∈2α∩TP s
⌢i ∈ TP ⇒ ∀s∈2α∩TP s
⌢i ∈ TP .
A set A ⊆ 2κ is a κ-v0-set if for all κ-Silver perfect set P ⊆ 2κ, there exists a κ-Silver perfect
set Q ⊆ P such that A ∩Q = ∅. The notion of κ-v0 sets was considered in [27]. We study the
relation between this notion and other notions of special subsets of 2κ.
Proposition 78 (ω: [46]) Assume that κ is a strongly inaccessible cardinal. Then every κ-
comeagre subset of 2κ contains a κ-Silver perfect set.
Proof: Let A ⊆ 2κ be κ-meagre, and by Proposition 60, we get z ∈ 2κ and a sequence⟨ξα⟩α<κ ∈ κκ such that
A ⊆ {x ∈ 2κ∶ ∃β<κ∀β<γ<κ∃ξγ≤ξ<ξγ+1z(ξ) ≠ x(ξ)} .
Let
Q = {x ∈ 2κ∶ ∀α∈Lim∀ξα≤ξ<ξα+1x(ξ) = z(ξ)}.
Then Q ⊆ 2κ ∖A, and Q is a κ-Silver perfect set. ◻
Corollary 79 (ω: [17]) Assume that κ is a strongly inaccessible cardinal. Then every κ-
perfectly κ-meagre set in 2κ is a κ-v0-set.
Proof: Notice that for every κ-Silver perfect set P ⊆ 2κ, there exists a natural homeomor-
phism h∶P → 2κ such that Q ⊆ 2κ is a κ-Silver perfect set if an only if h−1[Q] is κ-Silver perfect.
The corollary follows from Proposition 78.
◻
Proposition 80 (ω: [17]) Every κ-strongly null set in 2κ is a κ-v0-set.
Proof: Let P ⊆ 2κ be a κ-Silver perfect set, and A ∈ SN κ. Let
S = {len(s)∶ s ∈ Split(TP )}.
Let b∶κ × {0,1}→ S be a bijection, and let X = f[κ × {0}]. Let ⟨xα⟩α∈X ∈ (2κ)X be such that
A ⊆ ⋃
α∈X
[xα↾α + 1].
Then
Q = {x ∈ P ∶ ∀α∈Xx(α) = xα(α) + 1}
is a κ-Silver perfect set such that Q ⊆ P , and Q ∩A = ∅. ◻
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3.6 κ-l0-Sets
A perfect tree T ⊆ κ<κ is called a κ-Laver perfect tree if there exists s ∈ T such that for all
t ∈ T , either t ⊆ s, or ∣{α < κ∶ t⌢α ∈ T}∣ = κ.
A κ-perfect set P is κ-Laver, if TP is a κ-Laver perfect tree.
A set A ⊆ κκ is κ-l0-set if for every κ-Laver κ-perfect set P , there exists a κ-Laver κ-perfect
set Q ⊆ P such that Q ∩A = ∅.
Theorem 81 (ω: [18]) Every κ-strongly null set in κκ is a κ-l0-set.
Proof: Let T ⊆ κ<κ be a κ-perfect κ-Laver tree, and let A ⊆ κκ be a κ-strongly null set. Let
t0 ∈ T be such that for every s ∈ T such that t0 ⊆ s,
∣{α < κ∶ t0 ⌢α ∈ T}∣ = κ.
Let I = {α < κ∶ len(t) < α}, and let ⟨sα⟩α∈I be such that
A = ⋃
α∈I
[sα]
and for all α ∈ I, sα ∈ 2α.
We construct tree T ′ ⊆ κ<κ in the following way. Let T ′ ∩κ≤len(t0) = T ∩κ≤len(t0), and assume
that α < κ is such that α > len(t0), and t ∈ T ∩ κα. Then let
T ′ ∩ {s ∈ κα+1∶ t ⊆ s} = T ∩ {s ∈ κα+1∶ t ⊆ s} ∖ {sα}.
For limit β < κ with β > len(t0), let t ∈ T ′ if and only if t↾α ∈ T ′ for every α < β.
Since κ is regular, T ′ is a κ-perfect κ-Laver tree, and [T ′] ⊆ [T ] ∖A. ◻
3.7 κ-m0-Sets
A perfect tree T ⊆ κ<κ is called a κ-Miller perfect tree if for every s ∈ T there exists t ∈ T
such that s ⊆ t, and ∣{α < κ∶ t⌢α ∈ T}∣ = κ.
A κ-perfect set P is κ-Miller, if TP is a κ-Miller perfect tree.
A set A ⊆ 2κ is κ-m0-set if for every κ-Miller κ-perfect set P , there exists a κ-Miller
κ-perfect set Q ⊆ P such that Q ∩A = ∅.
Theorem 82 (ω: [18]) Every κ-perfectly κ-meagre set in κκ is a κ-m0-set.
Proof: Let P be a κ-perfect κ-Miller set, and A ∈ PκMκ. There exists a homeomorphism
h∶P → κκ. Notice also that under this homeomorphism, if Q ⊆ κκ is a κ-perfect κ-Miller set,
then h−1[Q] is a κ-Miller κ-perfect set as well.
Then B = h[A ∩ P ] is κ-meagre. Let B = ⋃α<κGα with Gα nowhere dense closed for every
α < κ.
We choose by induction ⟨ts⟩s∈κ<κ such that ts ∈ κ<κ, for every s ∈ κκ,
∣{α < κ∶ ∃s′∈κκ ∶ ts ⌢α ⊆ ts′}∣ = κ,
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and for s, s′ ∈ κ<κ, s ⊊ s′ if and only if ts ⊊ ts′ . Indeed, let t∅ be such that [t∅] ∩G0 = ∅ Then,
given ts, s ∈ κα, let t′s ⊋ ts be such that [t′s] ∩Gα+1 = ∅. Set ts⌢ξ = t′⌢s ξ, for all ξ < κ. For limit
β < κ, and s ∈ κβ , let t′s = ⋃α<β ts↾α. Let ts ⊋ t′s be such that [ts] ∩Gβ = ∅. Finally, let
T = ⋃
α<κ
{t ∈ κ<κ∶ t ⊆ ts, s ∈ κα}.
Obviously, T is a κ-perfect κ-Miller tree, so P ′ = [T ]κ is a κ-perfect κ-Miller subset of κκ ∖B.
Thus, there exists a κ-perfect κ-Miller Q ⊆ P ∖A. ◻
Theorem 83 (ω: [18]) Assume that κ is a strongly inaccessible cardinal. Then every κ-
strongly null set in κκ is a κ-m0-set.
Proof: Let A ⊆ 2κ be κ-strong measure zero, and let T be a κ-Miller tree. Let
S = {s ∈ T ∶ ∣{α < κ∶ s⌢α ∈ T}∣ = κ} ,
and let s0 ∈ S.
By induction we define a sequence ⟨ξα⟩α<κ ∈ κκ and ⟨Aα⟩α<κ ∈ ([κ<κ]<κ)κ such that
(a) A0 = s0, α0 = len(s0),
(b) for every α < κ, if s ∈ Aα, then there exists t ∈ Aα+1 ∖Aα such that s ⊆ t, t ∈ S, len(t) > ξα,
(c) for every α < κ, and for all s ∈ Aα, len(s) ≤ ξα,
(d) for every α < β < κ, Aα ⊆ Aβ , and ξα < ξβ,
(e) for every α < κ, and every limit ordinal β ≤ ξα, for every t ∈ T ∩ κβ such that for all γ < β
there exists s ∈ Aα such that t↾γ ⊆ s, there exists u ∈ Aα+1 ∖ Aα such that t ⊆ u, u ∈ S,
len(u) > ξα.
This is possible, since κ is strongly inaccessible. Indeed, for any α < κ, find B ∈ [κ<κ]<κ such
that Aα+1 = Aα +B fulfils conditions (b) and (e), and fix
ξα+1 = ⋃Aα+1 < κ.
If β < κ is a limit ordinal, let
ξβ = ⋃
α<β
ξα
and
Aβ = ⋃
α<κ
Aα.
Now let ⟨sα⟩α<κ ∈ (2<κ)κ such that for all α < κ, sα ∈ κξα+1, and
A ⊆ ⋃
α<κ
[sα].
Let now
T ′ = {s ∈ T ∶ ∃x∈κκs ⊆ x ∧ ∀α<κx ∉ [sα]} .
Observe that there exists a κ-Miller κ-perfect tree T ′′ ⊆ T ′. Indeed notice that that s0 ∈ T ′.
Assume now that there exists α < κ and s ∈ Aα ∩ T ′ such that
∣{α < κ∶ s⌢α ∈ T ′}∣ < κ.
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Let α0 be such that s⌢α0 ∈ T ′. But (b) and
∣{α < κ∶ s⌢α ∈ T ′}∣ < κ.
imply that there exists β < α such that for all α < γ < κ, s⌢α0 /⊆ sγ, thus there exists κ-Miller
tree T ′′ ⊆ [s⌢α0]. Similarly (e) implies that we can find such a κ-perfect tree.
On the other hand, if for all α < κ, for all s ∈ Aα ∩ T ′,
∣{α < κ∶ s⌢α ∈ T ′}∣ = κ,
the existence of such a tree is clear.
But [T ′′] ⊆ [T ] ∖A, so A is a κ-m0-set. ◻
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